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^ ' Abstract 

We show that noncommutative gauge theory in two dimensions is an exactly solv- 
able model. A cohomological formulation of gauge theory defined on the noncom- 
mutative torus is used to show that its quantum partition function can be written 
as a sum over contributions from classical solutions. We derive an explicit formula 
for the partition function of Yang- Mills theory defined on a projective module for 
arbitrary noncommutativity parameter 9 which is manifestly invariant under gauge 
Morita equivalence. The energy observables are shown to be smooth functions of 6. 
The construction of noncommutative instanton contributions to the path integral 
is described in some detail. In general, there are infinitely many gauge inequivalent 
contributions of fixed topological charge, along with a finite number of quantum 
fluctuations about each instanton. The associated moduli spaces are combinations 
of symmetric products of an ordinary two-torus whose orbifold singularities are not 
resolved by noncommutativity. In particular, the weak coupling limit of the gauge 
theory is independent of 9 and computes the symplectic volume of the moduli space 
of constant curvature connections on the noncommutative torus. 
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1 Introduction and Summary 



Quantum field theories on noncommutative spacetimes provide field theoretical contexts 
in which to study the dynamics of D-branes, while at the same time retaining the non- 
locality inherent in string theory (see [Ij-IS] for reviews). Recent studies of these field 
theories have raised many questions regarding their existence and properties, and even af- 
ter extensive study there remain numerous questions concerning the new phenomena they 
exhibit even in the simplest cases. Of particular interest is Yang-Mills theory defined on a 
noncommutative torus which serves as an effective description of open strings propagating 
in flat backgrounds. In particular, noncommutative gauge theory on a two-dimensional 
torus describes codimension two vortex bound states of D-branes inside D-branes. In this 
paper we will show that this quantum field theory is exactly solvable and explicitly eval- 
uate its partition function. Various non-trivial aspects of noncommutative gauge theories 
in two dimensions may be found in P]-|lUj. 

The commutative version of this theory has a well-known history as an exactly solvable 
model, which gives the first example of a confining gauge theory whose infrared limit 
can be reformulated analytically as a string theory (see ^] for reviews). The key 
feature of two dimensions is that there are no gluons and the theory must be investigated 
on spacetimes of non-trivial topology or with Wilson loops in order to see any degrees 
of freedom. This suppression of degrees of freedom owes to the fact that the group 
of local symmetries of two-dimensional Yang-Mills theory contains not only local gauge 
invariance, but also invariance under area-preserving diffeomorphisms. Of the several 
different methods for solving this quantum field theory, a particularly fruitful approach 
is provided by the lattice formulation ■ Using the area-preserving diffeomorphism 
invariance, the heat kernel expansion of the disk amplitude may be interpreted as a 
wavefunction for a plaquette. The fusion rules for group characters allow one to glue 
together disconnected plaquettes. The basic plaquette Boltzmann weight in this way 
turns out to be renormalization group invariant 14j, so that the lattice gauge theory 
reproduces exactly the continuum answer. 

While a lattice formulation of noncommutative Yang-Mills theory does exist it 
does not exhibit an obvious self-similarity property as its commutative counterpart does. 
The non-locality of the star-product mixes the link variables in the lattice action and 
the theory no longer has the nice Gaussian form that its commutative limit does. While 
under certain circumstances Morita equivalence can be used to disentangle the lattice star- 
product by mapping the noncommutative lattice gauge theory onto a commutative one, 
the continuum limit always requires a complicated double scaling limit to be performed 
with small lattice spacing and large commutative gauge group rank A^, in order that the 
scale of noncommutativity 6 remain finite in the continuum limit. A similar approach to 
solving gauge theory on the noncommutative plane has been advocated recently in jTUj- 
Nevertheless, the lattice theory at finite N can be solved explicitly by mapping it onto a 
unitary two-matrix model ^H] , whose path integral can be reduced to a well-defined sum 
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over integers frf\. This proves that the lattice model is exactly solvable, and thereby gives 
a strong indication that noncommutative gauge theory in two dimensions is a topological 
field theory (with no propagating degrees of freedom). 

However, such an approach, like canonical quantization in the commutative case, is 
based almost entirely on the representation theory of the gauge group. This group is a 
somewhat mysterious object in noncommutative gauge theory whose full properties have 
not yet been unveiled. This infinite-dimensional Lie group is analyzed in ^Hl^EZI and it 
involves a non-trivial mixing of colour degrees of freedom with spacetime diffeomorphisms. 
A related difficulty arises in the diagonalization approach which requires fixing a gauge 
symmetry locally |2H] • The resulting Faddeev- Popov functional determinants are difficult 
to analyze in the noncommutative setting. Hamiltonian methods are likewise undesirable 
because of problems associated with non-localities in time. An approach which doesn't 
rely on the (unknown) features of the noncommutative gauge group is thereby desired. We 
will see, however, that the basic geometric structure underlying this gauge group implies 
that the noncommutative theory is still invariant under area-preserving diffeomorphisms 
of the spacetime (though in a much stronger manner) and is thereby an exactly solvable 
model. 

As we shall demonstrate, one technique of solving commutative U{N) Yang-Mills 
theory which continues to be useful in the noncommutative case is that of non-Abelian 
localization 29 . This method takes advantage of the fact that in two dimensions a 
gauge fixed Yang-Mills theory is essentially a cohomological quantum field theory. A 
judicious deformation of the action by cohomologically exact terms allows one to reduce 
the quantum path integral defining the partition function to a sum over a discrete set of 
points which are in one-to-one correspondence with the critical points of the Yang-Mills 
action. Of course, these critical points are given by gauge field configurations which solve 
the classical equations of motion. Even though these solutions may be unstable, we will 
refer to any such configuration as an instanton. As a consequence, the quantum partition 
function can be evaluated as a sum over all instanton configurations of the gauge theory. 
In other words, the semi-classical approximation to this field theory is exact, provided that 
one sums over all critical points of the action. The feature which makes this approach 
work is the interpretation of noncommutative Yang-Mills theory as ordinary Yang-Mills 
theory (on a noncommutative space) with its infinite dimensional gauge symmetry group 
that is formally some sort of large limit of U{N). 

In what follows we will derive an exact, nonperturbative expression for the partition 
function of quantum Yang-Mills theory defined on a projective module over the noncom- 
mutative two-torus. Using a combination of localization techniques and Morita duality, 
we are able to give an explicit formula written as the sum of contributions from the vicin- 
ity of instantons. The instantons themselves are parameterized by a collection of lists 
of pairs of integers {p,q) = \ {PkiQk) \ which arise from partitions of the topological 

I J k>l 

numbers (p, q) of the projective module on which the gauge theory is defined. The result 
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for the partition function Z^^q is then given as a sum, over all partitions, of terms involving 
the Boltzmann weights of the noncommutative Yang-Mills action ^(p , q ; &) evaluated at 
its extrema, along with prefactors W [p ^q\&) which describe the quantum fluctuations 
about each instanton configuration. Schematically, we have 



We will show that the full expression is explicitly invariant under gauge Morita 

equivalence and that it is a smooth function of the noncommutativity parameter Q. 

The formalism which we develop in this paper gives the tools necessary to explore and 
answer all questions about two-dimensional noncommutative Yang-Mills theory, and it 
gives a model which should capture some features of the more physical higher-dimensional 
theories, but within a much simplified setting. For example, the techniques developed here 
can be used to learn more about the observables of Yang-Mills theory on the noncom- 
mutative torus. The evaluation of the partition function as a sum of contributions from 
instantons is of course familiar from commutative Yang-Mills theory jHOj-jHSl- In that 
case there exists an equivalent expression via Poisson resummation which is interpreted 
as a sum over irreducible representations of the gauge group. For Yang-Mills theory on a 
noncommutative torus we have not been able to find an analogous group theoretical ex- 
pansion though we believe it would give great insight into the representation theory of the 
noncommutative gauge group on the two-dimensional torus. The Yang-Mills action can 
be thought of as defining invariants of the star-gauge group, and the discrete sums over 
instantons as labelling its representations. The discrete nature of the action is necessary 
for it to be a Morse function and hence a candidate for the localization formalism 
and it suggests that the noncommutative gauge group is compact. We expect to report 
on progress in understanding the details of the noncommutative gauge group on the torus 
in the near future. 

1.1 Outline and Summary of Results 

In the next section we shall begin with a review of the construction of gauge connections 
and Yang-Mills theory on the two-dimensional noncommutative torus. We include a 
brief discussion on the area-preserving nature of the noncommutative gauge symmetry 
which suggests that there are no local degrees of freedom in the noncommutative gauge 
theory, only global ones as in the commutative case. In section IHl we give an overview of 
non-Abelian localization and how it applies to the evaluation of the quantum partition 
function of two-dimensional Yang-Mills theory on the noncommutative torus. We pay 
particular attention to rewriting the formalism in a manner which does not rely on the 
details of the noncommutative gauge group. We show in detail how the Yang-Mills action 
defines a system of Hamiltonian flows which coincide with the Lie algebra action of the 
group of noncommutative gauge transformations. This compatibility allows us to formally 




(1.1) 



partitions 
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reduce the path integral defining the quantum partition function to a discrete sum. The 
procedure is apphcable to Yang-Mills theory defined on a noncommutative torus with any 
value of the noncommutativity parameter 9, including vanishing, rational or irrational 9. 

The localization of the path integral is onto gauge field configurations which are so- 
lutions of the classical equations of motion and provide critical points of the Yang-Mills 
action. In order to characterize these solutions and the spaces in which they are de- 
fined, in section 0] we begin by giving a brief description of finitely-generated projective 
(Heisenberg) modules over the noncommutative torus. We characterize all such classi- 
cal solutions of Yang-Mills theory defined on a projective module for any value of the 
noncommutativity parameter in terms of partitions of the topological numbers of the 
projective module. These results serve to bridge previous constructions of classical solu- 
tions for two-dimensional Yang- Mills theory in the commutative case [SHI IHSj and in the 
noncommutative case for irrational 9 [S^ . 

In order to obtain explicit results for the partition function, in section El we revisit 
Yang-Mills theory on the commutative torus and re-interpret the well-known evaluation 
of the quantum partition function in this case in terms of projective modules. In doing 
so we will find it necessary to make a distinction between the commonly known "phys- 
ical" definition of two-dimensional Yang-Mills theory and a "module" definition where 
we restrict gauge field configurations to have a particular Chern (twist) number. The 
physical theory can then be recovered by summing over all such cohomological sectors. 
Given the partition function of ordinary Yang-Mills theory on the torus written in terms 
of projective modules, in sectionlHlwe use Morita equivalence to construct a mapping from 
the commutative theory to one with rational values of the noncommutativity parameter 
9. Discarding the scaffolding of Morita equivalence, the result is an explicit expression 
for the quantum partition function of noncommutative Yang-Mills theory defined on a 
projective module with rational 9 purely by the topological numbers of the module. Our 
construction also provides a more transparent interpretation of the Morita equivalence of 
Yang-Mills theories on commutative tori and ones with rational values of 9. 

By exploiting the fact that the localization arguments hold irrespective of the partic- 
ular value of 6', in section [7| we propose a formula for the partition function at irrational 
values of 9 by natural extension of the rational case. We give strong arguments in favour 
of this conjecture. The two independent constructions of this formula come from Morita 
equivalence, whereby the Morita invariant commutative partition function determines ex- 
actly the rational noncommutative one, and localization theory, which proves that the 
partition function is given by a sum over classical solutions for any 9. Further support 
for this proposal is provided by rational approximations to the irrational noncommutative 
gauge theory. We will find that the schematic expression (jl.ll) may be written explicitly 
as 
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p — q6 



(1.2) 



k>l 



where g is the Yang-Mills coupling constant and A is the area of the torus. The integer Ua 
is the number of partition components {pk, Qk) which have the same distinct values of the 
quantity Pa — Qa^^- The sign factor in (jl.2|) is determined by a Morse index which measures 
the overall contribution from unstable modes in a given instanton configuration {p,q). 
The exponential prefactors are the Gaussian fluctuation determinants, weighted with the 
appropriate permutation symmetry factors uj associated with a partition. From (jl.2|l 
we see that the area dependence of the noncommutative gauge theory is similar to that 
of the commutative case. If A — > oo for fixed g and 6, then the theory is exponentially 
dominated by trivial instanton configurations. Essentially the energy of electric flux in 
the noncommutative theory is still proportional to the length of the flux line, and so the 
overall details of the dynamics (or lack thereof) are the same as in commutative Yang- 
Mills theory. Thus, in direct analogy to the commutative situation, the gauge theory on 
the noncommutative plane is essentially trivial. 

In section |H1 we develop a graphical method of analyzing the instanton contributions 
to Yang-Mills theory which works for 6 irrational, rational or vanishing. This graphical 
approach is applied to the universal expression ()1.2|) for the partition function to show 
that the vacuum energy, along with a certain class of topological observables, of Yang- 
Mills theory on the noncommutative torus are smooth functions of 6. Finally, in section |H1 
we end with a description of the moduli spaces of classical solutions of Yang-Mills theory 
on the noncommutative torus. The partition function in the weak coupling limit agrees 
with that of the commutative gauge theory, except that now it formally computes the 
symplectic volume of the moduli space of all (not necessarily fiat) constant curvature 
gauge connections on the torus. The rearrangement of the series (jl.2j) into distinct gauge 
inequivalent instanton configurations is described. They are determined by rearranging 
the critical partition components {pk, qu) into distinct relatively prime pairs (p^, g^) of 
topological numbers with (p^, g^) = A^^ {p'^, q'^). We will see that the moduli space of such 
gauge orbits is given by 



where Sym^° is the symmetric product of a certain dual, ordinary two-torus T^. This 
generalizes the moduli space Sym^ of fiat gauge connections in commutative U (N) 
gauge theory. The instanton moduli space ()1.3|) has a natural physical interpretation 
in terms of that for a collection of distinct configurations of Na free indistinguishable 
DO-branes in codimension two. In particular, the point-like instanton singularities are 
not resolved by noncommutativity. We will show how the orbifold singularities of (|1.3|) 



(1.3) 
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can be used to systematically construct the gauge inequivalent contributions to Yang- 
Mills theory. Such an explicit classification is only possible within the noncommutative 
setting. We shall find that, like for the instanton contributions to ordinary Yang-Mills 
theory, there are a finite number of quantum fiuctuations about each gauge inequivalent 
classical solution. In contrast to the commutative case, however, for irrational 9 there are 
infinitely many distinct instanton contributions to the path integral for fixed quantum 
numbers (p, q). 



2 Noncommutative Gauge Theory in Two Dimen- 
sions 

To set notation and conventions, we will start by reviewing some well-known facts about 
Yang-Mills theory on a noncommutative two-torus ^1 EH EHl- Our presentation will 
exhibit the interplay between the physical, quantum field theoretical approach and the 
mathematical approach within the framework of noncommutative geometry, as both de- 
scriptions will be fruitful for our subsequent analysis in later sections. We will also give 
the first indication that this theory is exactly solvable. For simplicity, we consider a square 
torus of radii R. 



2.1 The Noncommutative Torus 



The noncommutative two-torus may be defined as the abstract, noncommutative, associa- 
tive unital *-algebra generated by two unitary operators Zi and Z2 with the commutation 
relation 



Z1Z2 



, 27ri6» 



Z2Z1 



{2.1) 



where 9 is the real-valued, dimensionless noncommutativity parameter. Unless otherwise 
specified, we will assume that 9 G (0, 1) is an irrational number. The "smooth" completion 
Ae of the algebra generated by Zi and Z2 consists of the power series 



/ ^ ] ^ ^ f (mi 

r?ii=— 00 m2=— 00 



m2) 



Z'^'Z. 



2 ; 



(2.2) 



where the coefficients /^^^^ ^^-^ are Schwartz functions of (mi, 7712) G Z^, i.e. /^^^^ 



(r?ii,m2) 







faster than any power of \mi \ + \m2\ as \mi\ + \m2\ —>■ 00. The phase factor in ()2.2|) is 
inserted to symmetrically order the operator product. 

There are natural, anti-Hermitian linear derivations di and 62 of the algebra Ae which 
are defined by the commutation relations 



di , 82 



di , Zj 



1$ ■ 1 



hJ = 1,2 



(2.3) 
(2.4) 
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where $ G M can be interpreted as a background magnetic flux and 1 is the unit of 
Ae. From ()2.3p it follows that the Heisenberg Lie algebra acts on Ae by infinitesimal 
automorphisms. This action defines a Lie algebra homomorphism X \—>- dx, X E i.e. 
dx , = d[xx] 5 yielding a linear map 

d : Ae — > Ae®Cl . (2.5) 

The unique normalized trace on Ae is given by projection onto zero modes as 

Tr / = /(o,o) , (2.6) 

which defines a positive linear functional Ae C, i.e. Tr /"''/ > for any / G Ae- The 
trace (j2.6|) satisfies Tr = Tr /, and it is invariant under the action of the Lie algebra 
£$ of automorphisms of Ae, i.e. 



Tr 



. 



(2.7) 



The conventional field theoretic approach employs a "dual" description to this analytic 
one in terms of functions on an ordinary torus T^. Let x^, G [0, 27ri?] be the coordinates 
of T^. Then given any element / G Ae with series expansion of the form ()2.2p . we can use 
the Schwartz sequence /^^^ to define a smooth function on the torus by the Fourier 
series 



fi^) - ^ ^ /(mi, ma) 

mi =— oo m2=— oo 



i mix'^ /R 



(2.8) 



This establishes a one-to-one correspondence between elements of the abstract algebra 
Ae and elements of the algebra C°°(T^) of smooth functions on the torus. Under this 
correspondence, the noncommutativity of Ae is encoded in the multiplication relation 



where the star-product is given by 



{f^g){x) = J2 {-^^RW Y1 (n-r)\r\ (^^ ^2^(^)) (2-10) 

with di = d/dx"^. In addition, the actions of the derivations ()2.4|) correspond to ordinary 
differentiation of functions, 



(2.9) 



di, f = dif 



[2.11] 



while the canonical normalized trace ()2.(i|l can be represented in terms of the classical 
average of functions over the torus. 



Tr / 



d^x /(x) 



(2.12) 
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Integration by parts also shows that 

d\U^9){x)= I (^'x f{x)g{x) . (2.13) 



Here and in the following, unless specified otherwise, all coordinate integrations extend 
over T^. 



2.2 Gauge Theory on the Noncommutative Torus 

In the noncommutative setting, the generalizations of vector bundles are provided by 
projective modules, which are vector spaces on which the algebra is represented. Let S 
be a finitely-generated projective module over the algebra Aq. We consider only right 
modules in the following. The free module Aq' = Ae Q) ■ ■ ■ Q) Ae consists of M-tuples 
C = (/ij • • • ) Im) of elements fa ^ Aq. It is the analog of a trivial vector bundle. Let 
P G Mm{A0) be a projector with 

£ = PA^, p2 = p = pt^ (2.14) 

where MM^Ae) = Ae^ Mm is the algebra of M x M matrices with entries in the algebra 
Ao, whose multiplication is the tensor product of the multiplication in Ae with ordinary 
matrix multiplication. Alternatively, we may consider S as the subspace of elements 

^"G^f withpe = e 

The endomorphism algebra End_4g(£^) = S* (S)^^ S of the module S is the algebra of 
linear maps S S that commute with the right action of Ae on S. It is isomorphic to 
the subalgebra of ^e-valued matrices A G Wl^j^Ae) which obey P AP = A. This means 
that the identity operator on S can be identified with the projector, Us = P- To simplify 
some of the formulas which follow, we shall frequently refrain from writing l^- explicitly. 
Let < M be the largest integer such that the module S can be represented as a direct 
sum £ = £' Q) ■ ■ ■ ® S' of N isomorphic ^e-modules. Then End^g(6^') = Ao' is also 
a noncommutative torus where 6' is the dual noncommutativity parameter which 
depends on 9 and the projective module S, so that 

End^,(^) ^M^(A') • (2.15) 

The derivations di naturally extend to operators on Aq^ via the definition 

= {[^^Jl] [a, A/]) (2.16) 

for ^ = (/i, . . . , /a/) G Ag^ . Then P o 9j o P is a linear derivation on S. The trace Tr on 
Ae also naturally extends to a trace on End^g{S) defined by 

Tr^ = Tr ® tr^ , (2.17) 
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where tr^^^ is the usual M x M matrix trace. On £ there is a natural ^e-valued inner 
product which is compatible with the .A^-module structure of £ and is defined on M-tuples 
^ = (/i, • • • , /m) and 17 = (^1, . . . , (Jm) by 



M 
a=l 



(2.18) 



The object 



^, f)) = Tr r} 



:2.i9) 



then defines an ordinary Hermitian scalar product £ ^ £ ^ <C This turns £ into a sep- 
arable Hilbert space. We will present the explicit classification of the projective modules 
over the noncommutative torus in section H?T1 

We now define a connection on a module £ over the noncommutative torus to be a 
pair of linear operators V i,V 2 '■ £ ^ £ satisfying 



R 



^ij Zj , j 



1,2 , 



(2.20) 



where in this equation the Zj are regarded as operators £ ^ £ representing the right 
action on £ of the corresponding generators of Ae. When acting on elements of £, the 
requirement ()2.20|1 is just the usual Leibnitz rule with respect to the derivations di and 
82- In an analogous way to these operators, there is a linear map X hh^ Vx, X G 
which defines a vector space homomorphism 



V : £ 



£®c Q 



(2.21) 



This definition makes use of the bimodule structure on Ag ® C%. From the definitions 
()2.4|) and ()2.20p it follows that an arbitrary connection Vj can be expressed in the form 



(2.22) 



where Aj G Endj[g{£) are N x N ^^z-valued matrices which we will refer to as gauge 
fields. We stress that here, and below, the quantity di is implicitly understood as the 
operator P o (9j o P on Aq^ £. The same is true of similarly defined objects. 

In the following we shall work only with connections which are compatible with the 
inner product ()2.18p . i.e. those which satisfy 



Ag 



Ag 



9,; 



/ Ag 



(2.23) 



for any ^,t) E £. The compatibility condition ()2.23|) implies that Vj is an anti-Hermitian 
operator with respect to the scalar product ()2.19|) . It also implies that its curvature 



Vi, V2 



which is a two-form on the Heisenberg algebra with values in the space of 
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linear operators on commutes with the action of Ae on £, and hence takes values in 
the space End5g(£^) of ant i- Hermit ian endomorphisms of £} The space of all compatible 
connections on a module £ will be denoted by C{£). From ()2.20|) and ()2.23|) it follows 
that C{£) is an affine space over the vector space of linear maps End^^(£^). 

In this paper we will be interested in evaluating the partition function of two dimen- 
sional quantum Yang-Mills theory on the noncommutative torus, which is defined formally 
by the infinite-dimensional integral 

1 



Z{g\e,^,£) 



volG(^) 



Di e-^^^J 



(2.24) 



C{£) 



where the Yang-Mills action on C{£) is defined for an arbitrary connection ()2.22|1 by 

27r2i?2 



S 



A 



S 



Tr 



9' 



Vi, V2 



2.25) 



with g the Yang-Mills coupling constant of unit mass dimension. The area factor Air^R"^ 
is inserted to make the action dimensionless. Here G{£) is the group of gauge transfor- 
mations, which will be described in the next subsection, and volG(£^) is its volume. The 
measure DA, and also the volume volG(£^), will be defined more precisely in section |31 
By using the operator-field correspondence of the previous subsection, we can express 
(I2.24|) in a more standard quantum field theoretical form as the Euclidean Feynman path 
integral 

1 



Z{g',e,<^,£) 



volG(^) 



DA e-^[^] 



(2.26) 



C(^) 



where 



with 



S[A] 



— J d'x tr^(F^(x) + $-]l^)" 



Fa = diA2 - d2Ai + Ai V A2 - A2 V Ai 



(2.27) 



:2.28) 



the noncommutative field strength of the anti-Hermitian U{N) gauge field A^. The multi- 
plication in ()2.28p is the tensor product of the associative star-product ()2.10|) . defined with 
9 replaced by its dual 9', and ordinary matrix multiplication. This extended star-product 
is still associative. 



^Usually one would define the curvature to be a measure of the deviation of the mapping X i— > Vx 
from being a homomorphism of the Lie algebra (|2.3|l of automorphisms of Ae- This means that the 



curvature should be defined as 



Vi , V2 



$ • Ig. However, later on we will wish to work with an action 
which is explicitly invariant under Morita duality, which can only be accomplished with the definition of 
curvature given in the text. This change of convention is mathematically harmless since it corresponds 
to a shift of the curvature by the central element of the Heisenberg algebra. Physically, it will only add 
constants to the usual gauge theory action and so will not affect any local dynamics, only topological 
aspects. 
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2.3 Gauge Symmetry and Area Preserving Diffeomorphisms 



Let us now describe the symmetries of the noncommutative Yang- Mills action ()2.25|1 . It 
is invariant under any covariant transformation of the gauge connection of the form 

V, ^ UV^U^ , (2.29) 

where (j G End^g(£^) is a unitary endomorphism of the projective module 8, 

f/tf/ = f/f/t = 1^ ^ (2.30) 

which determines an inner automorphism of the right action of Ae on £. In other words, 
(j G UAr(^6»')) where i]N{Aei) is the group of unitary elements of the algebra M7v(^6»')- 
These gauge transformations comprise operators of the form 

U=l£ + k, (2.31) 

where K lies in an appropriate completion of the algebra of finite rank endomorphisms 
of £ |24[ I25j. These latter endomorphisms are defined as follows. For any 57,57' G let 
1 17) (57'! be the operator defined by 



\v){fi'\i = v{v'A) (2.32) 

for & £, with adjoint \fi' ) {fi\. The Ae-linea.! span of endomorphisms of the form ()2.32p 
forms a self-adjoint two-sided ideal in Eiad_Ag{£). Since, as mentioned before, £^ is a 
separable Hilbert space, this ideal is isomorphic to the infinite-dimensional algebra Mqo 
of finite rank matrices. Its operator norm closure is the algebra End^^(£^) of compact 
endomorphisms of the module £. 

The Schwartz restriction on the expansion (j2.2|) implies that elements f E Ag act 
as compact operators on £ j^EI- Therefore, in ()2.29|) we should restrict to those unitary 
endomorphisms ()2.3H) with K G End^^(£^). We denote this infinite dimensional Lie group 
by U°°{£). It is the operator norm completion of the infinite unitary group U{oo) obtained 
by taking to be a finite rank endomorphism.^ By Palais' theorem [32], these two unitary 
groups have the same homotopy type, and their homotopy groups are determined by Bott 
periodicity as 

/ \ / \ ( Z , k odd , 

nJu°^i£))=nJu{oo)) = \ (2.33) 
^ ^ ^ ^ , K even . 

In particular, the gauge symmetry group is connected. It should be pointed out here 
that this is only a local description of the full gauge group of noncommutative Yang- 
Mills theory. The group of connected components of G{£) acts on the gauge orbit space, 

^The gauge group can also be chosen to be smaller than U°°{£) by completing U {00) in other Schatten 
norms HSl-jlZl- The various choices all have the same topology and group theory, and so we shall work 
for definiteness with only the compact unitaries defined above. 
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obtained by quotienting C{S) by the action of the group Go{S) of smooth maps — > 
U°°{S), as a global symmetry group [TJ 1231211 ■ 

By using (|2.22p . one finds that the infinitesimal form of the gauge transformation rule 
flT^ is Ai\^ Ai + 6~^Ai, where 

(2.34) 

and A is an anti-Hermitian compact operator on In terms of gauge potentials on the 
ordinary torus this reads 

S^Ai = -diX + Xi.' Ai- Ai*' X , (2.35) 

where X{x) is a smooth, anti-Hermitian N x N matrix- valued field on T^. The non- 
commutative gauge transformations ()2.35|) mix internal, U{N) gauge degrees of freedom 
with general coordinate transformations of the torus. Their geometrical significance has 
been elucidated in [2^] by exploiting the relationship between appropriate completions of 
U{oo) and canonical transformations. The Lie algebra of noncommutative gauge transfor- 
mations (j2.35p is equivalent to the Fairlie-Fletcher-Zachos trigonometric deformation jlHI 
of the algebra i(7oo(T^) of area-preserving diffeomorphisms of T^. 

Therefore, the gauge symmetry group of noncommutative Yang-Mills theory in two- 
dimensions consists of area-preserving diffeomorphisms, which "almost" makes it a topo- 
logical field theory. Its gauge symmetry "almost" coincides with general covariance, 
thereby killing most of its degrees of freedom. From this feature we would expect the 
theory to contain no local propagating degrees of freedom, and hence to be exactly solv- 
able. This reasoning is further supported by the Seiberg-Witten map jH] and the exact 
solvability of ordinary, commutative Yang-Mills gauge theory in two dimensions. Note 
however that the topological nature here is quite different than that of the commutative 
case, because in the noncommutative setting it arises due to the gauge symmetry of the 
theory, i.e. an inner automorphism of the algebra of functions, while in the commuta- 
tive case it corresponds to an outer automorphism which preserves the local area element 
An'^R^ (^x. For this reason, the partition function will only depend on the dimensionless 
combination 47r^ g'^ B? of the Yang-Mills coupling constant and the area of the surface. 
This fact makes it difficult to make sense of the theory on a non-compact surface. 

In contrast, this argument breaks down for noncommutative tori of dimension larger 
than two. In any even dimension the transformations ()2.35|) generate symplectic diffeo- 
morphisms i.e. coordinate transformations which leave the symplectic two-form of 
the torus invariant. These are the diffeomorphisms which preserve the Poisson bi- vector 
defining the star-product in ()2.10j) . In general, these transformations generate a group 
that is much smaller than the group of volume-preserving diffeomorphisms. In the D-brane 
interpretation, this latter group would be the natural worldvolume symmetry group of a 
static brane. However, particular to the two-dimensional case is the fact that canonical 
transformations and area-preserving diffeomorphisms are the same. 



di , A 



A, Ai 
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3 Localization of the Partition Function 



The path integral ()2.24|) for quantum Yang-Mills theory on the noncommutative torus 
has several features in common with non-Abelian gauge theory defined on an ordinary, 
commutative torus. Formally, it can be regarded as a certain "large N limit" of ordinary 
U{N) Yang-Mills where we have generalized the gauge fields to measurable operators. In 
this section we will exploit these similarities to show how one may compute exactly the 
partition function for noncommutative gauge theory on the torus via the technique of non- 
Abelian localization [21]. The first key observation we shall make is that the integration 
measure DA in ()2.24|) may be naturally identified with the gauge invariant Liouville 
measure induced on the infinite dimensional operator space of compatible connections 
C{£) by a symplectic two-form wf-, ■]. Moreover, the volume of the gauge group vol G{S) 
is determined formally from the volume form on G{£) associated with the metric , A j = 

Tt £ A^ on EndJ^^°°(£^). This metric also induces an invariant quadratic form (-, ■) on the 

dual Lie algebra ^End^^°°(£^)^ , such that the noncommutative Yang- Mills action ()2.25p is 
proportional to the square of the moment map n corresponding to the symplectic action of 
G{S) on C{S). Equivalently, the Lie algebra action of the group of gauge transformations 
G{S) coincides with a system of Hamiltonian flows defined by the Yang-Mills action. 
In particular, this implies that the action (|2.25|) is a gauge-equivariant Morse function 

on C(^) |S3Eni- 

Consequently, the partition function of Yang-Mills theory defined on the noncommu- 
tative torus can be expressed formally as an infinite-dimensional statistical mechanics 
model 



1 



volG(^) 



exp 



uj — 



/3 



(3.1) 



C{£) 



where 



(3.2) 



As shown in jSH] , path integrals of the form ()3.H1 are formally calculable through a gener- 
alized non-Abelian localization technique. Here "localization" refers to the fact that the 
path integral ()3.1|) is given exactly by the sum over contributions from neighbourhoods 
of stationary points of the Yang-Mills action ()2.25p . If we denote the discrete set of all 
such critical points by V{9,S), then 



A' 



(3.3) 



where the function W gives the contributions due to the quantum fluctuations about the 
stationary points. In the remainder of this section we will derive all of these properties in 
some detail. 
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3.1 Symplectic Structure 



Let £ he a finitely-generated projective module over the noncommutative torus, and 
consider the space C{S) of compatible connections on S introduced in section 12. 2[ The 
group of gauge transformations G{£) acts on C{S) and it has Lie algebra End^^{£) 
consisting of anti-Hermitian compact operators on S. On this Lie algebra we introduce a 
natural invariant, non-degenerate quadratic form by 



A , A'j = Tr ^ A A' , A, A' G End;^;~(^) . (3.4) 
The infinitesimal gauge transformations ()2.34|) define a group action on C{S) because 



A,, . 



(3.5) 



Consider the representation ()2.3p of the Heisenberg algebra in the Lie algebra of 
derivations of Ag, and let A(£^) = 0„>oA"('^J.) be the Z+-graded exterior algebra of 
To this representation there corresponds the graded differential algebra 



n{£) = ^]"(^) , ^]"(^) = End^f (^) ®c a" m 



(3.6) 



n>0 



of left-invariant differential forms on exp(£$) with coefficients in End^°°{S). For instance 



the curvature 



Vi, V2 



+ $ • If G Q'^{S) with G{S) acting infinitesimally through 



hFA 



(3.7) 



with the usual product on the differential algebra (j3.6p implicitly understood. Functional 
differentiation at a point A G C{S) is then defined through 



5A ^ ^ dt' 



A + ta 



a G n\s) . 



{3.t 



i=0 



As mentioned in section IT^ €(£") is an affine space over the vector space Endj(^{S)^c 
of linear maps — > End^^{S), whose tangent space can be identified with the 

cotangent space End^^{S) ®c A^(£^) = Q^{£). A natural symplectic structure may 

then be defined on C{S) by the two-form 

CO [a, a] = Tr ^ a A a' , a, a G ^l^ {£) , (3.9) 

where^ 



a f\a' = hi a'2 — Ci2 a'l . (3.10) 



•^Note that components associated with the central elements of the Heisenberg algebra Cq, trivially 
drop out of all formulas such as (|3.1Q(I . and hence will not be explicitly written in what follows. 
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Since fl3.9p is independent of the point A G C{S) at which it is evaluated, it is closed, i.e. 
6u/6A = 0, and it is also clearly non-degenerate. In fact, because of the identities ()2.12|) . 
fl2.13|) and ()2.17|) . the symplectic two-form ()3.9|) coincides with the canonical, commutative 
one that is usually introduced in ordinary two-dimensional U{N) Yang-Mills theory 
Its main characteristic is that it is invariant under the infinitesimal action 

(3.11) 

of the gauge group G{S) on C{£), 

uj [d, Syo!] + uj [5ja, d'] = . (3.12) 



3.2 Hamiltonian Structure 



Since C{£) is contractible and G(£^) acts symplectically on C{£) with respect to the sym- 
plectic structure ()3.9|1 . there exists a moment map 



/. : C(^) (Endjf (^)^ 

which naturally generates a system of Hamiltonians H^^ : C{S) 



by 



A 



X 



A 



(3.13) 



(3.14) 



To determine the moment map explicitly in the present case, we use the Hamiltonian flow 
condition 



6A ^ 



-LU 



5^A , a 



(3.15) 



which is equivalent to the G(£^)-invariance ()3.12|) . Using ()2.34|) and ()3.9p . the condition 
()3.15|) reads 



5A 



V, A 



A a 



(3.16) 



Since the trace is invariant under the natural action of the connection on End^g(£^), i.e. 



Tr- 



v., A 







using the Leibnitz rule we can write ()3.16|) equivalently as 



^H~^[a] = Tr^ 
SA ^ 



A . 



(3.17) 



(3.18) 



Let us now compare ()3.18|) with the first order perturbation of the shifted field strength 
in a neighbourhood of a point A G C{£), which is easily computed to be 



V ^ a 



(3.19) 
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By using ()3.8|) we may thereby write ()3.18|) as 



^H, \a] = i Tr 



5A 



5A 



which is equivalent to 



A 



(3.20) 



(3.21) 



in the quadratic form ()3.4|1 . Comparing with ()3.14j) we see that the moment map for the 
action of the noncommutative gauge group on the space C{£) is the shifted noncommu- 
tative field strength, 



/i 



A 



(3.22) 



Since (^f/°°(£^) j = 0, the map A t-^ H-^ determines a homomorphism from the Lie 

algebra End|^^°°(£^) to the infinite-dimensional Poisson algebra induced on the space of 
functions C{£) — M by the symplectic two-form ()3.9p . 



3.3 Cohomological Formulation of Noncommutative Yang-Mills 
Theory 

The fact that noncommutative gauge theory is so naturally a Hamiltonian system leads 
immediately to the localization of the path integral ()2.24|) onto the critical points of the 
action ()2.25|) . We will now sketch the argument. First of all, the integration measure 
appearing in ()2.24jl is defined to be the Liouville measure corresponding to the symplectic 
two- form (|3.9|) .'^ 



Di = di 




(3.23) 



where di is the "ordinary" Feynman measure which may be defined by using the identi- 
fication ()2.15p and the operator-field correspondence as 

TV N 

= n n n ^^i'(^) • (3.24) 

a=l 6=1 xGT2 

In ()3.23p . n denotes the parity reversion operator, ip are the odd generators of functions 
on the infinite dimensional superspace 

Ii{8) = C{8)®nn^{S) , (3.25) 

"'To prove this formula, one needs to carefully study the gauge-fixed path integral measure. Since 
the gauge-fixed quantum action in two dimensions is Gaussian in the Faddeev-Popov ghost fields, and 
(|3.9() coincides with the symplectic structure of the commutative case, the same arguments as in the 
commutative case jl4l apply here and (|3.23() is indeed the appropriate gauge-invariant measure to use 
on C(£:). 
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and dA dtp is the corresponding functional Berezin measure. 

The resuh of the previous subsection shows that the noncommutative Yang-Mills ac- 
tion (j2.25j) is proportional to the square of the moment map, in the quadratic form (j3.4j) . 
for the symplectic action of the gauge group G{S) on C{S), 



S 



A 



A 



/i 



A 



(3.26) 



We can linearize the action ()3.26p in /i via a functional Gaussian integration over an 
auxiliary field G VL^{£), and by using (j3.14|) we can write the partition function (j2.24jl 

as 

= — -4— - I d0e-5^(^'^) /" di d^ e-'("['^''^l-^*[^]) , (3.27) 
volG(£:) J J 

with the measure d0 defined analogously to (|3.24p . Note that the operator appears 
only quadratically in ()3.27|) and thereby essentially corresponds to a commutative field. 
Because the functional integration measures in ()3.27|) are the same as those which occur in 
the corresponding commutative case, the only place that noncommutativity is present is 
in the field strength which appears in the moment map (j3.22p . Indeed, it is essentially this 
feature that leads to the exact solvability of the model, in parallel with its commutative 
limit. 

The representation (j3.27|) of noncommutative gauge theory is the crux of the matter. 
Notice first that in the weak coupling limit g'^ = {f3 = oo), the noncommutative field 



A 



which 



(p appears linearly in (j3.27|) . and its integration yields the constraint fi 

localizes the path integral onto gauge connections A of constant curvature = — $ . 
If. The partition function in this limit then formally computes the symplectic volume 
of the moduli space of constant curvature connections modulo noncommutative gauge 
transformations. The key property which enables this localization is that A \^ fi A 
is a complete Nicolai map which trivializes the integration over C{S). In this respect, 
the = limit of ()3.27p is a topological gauge theory, and indeed it coincides with a 
noncommutative version of BF theory in two dimensions [12] • What is remarkable though 
is that the same Nicolai map appears to trivialize to the full theory (j3.27|) at 7^ to 
a Gaussian integral over C{S). This works up to the points in C(^^) where this map has 
singularities, which coincide with the solutions of the classical equations of motion of 
noncommutative gauge theory. Thus in the generic case the partition function receives 
only contributions from the classical noncommutative gauge field configurations. 

To make these arguments precise, we first observe that the integral over the superspace 
n(£^) in ()3.27|) is formally the partition function of an infinite dimensional statistical 
mechanics system, and, in the present situation whereby there is a symplectic group action 



generated by the Hamiltonian Hj 



A 



it is known that such integrals can be typically 



reduced to finite dimensional integrals, or sums, determined by the critical points of 
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A P^. The main difference here is that there is no temperature parameter in front 

of the Hamiltonian through which to expand, but rather the noncommutative field 0. The 
argument for localization can nonetheless be carried through by adapting the non-Abelian 
localization principle [221 to the present noncommutative setting. This is achieved through 
a study of the cohomology of the infinite dimensional operator 



which is defined on the space 



Tr, 



6 



+ 



V,: 



6 

6ipi 



nc{e) = Sym n'^is) ® c{S) © n n{£) 



(3.28) 



(3.29) 



where Symf2'^(£^) is the algebra of gauge-covariant polynomial functions on End_^^°°(£^). 



The linear derivation (|3.28|) acts on the basic multiplet \^Ai , ipi, (f)] of the noncommuta- 
tive quantum field theory (j3.27|) through the transformation laws 







(3.30) 



and its square coincides with the generator of an infinitesimal gauge transformation with 
gauge parameter 0, 



(3.31) 



The key property of the operator ()3.28j) is that the Boltzmann weight over Il{S) in 
(I3.27|) is annihilated by it, 



A 







(3.32) 



where we have used the Hamiltonian flow equation (|3.16|) . Via integration by parts over 
the superspace this implies that the partition function (j3.27|) is unchanged under 

multiplication of the Boltzmann factor by Q^a for any gauge-invariant a G ^g{£), i-e. 



In particular, we may write (j3.27|) in the form 

1 



(3.33) 



volG(^) 



d(j) e 2/3 



di d^ e"^ 



[u;[4,,i,]-H.[A]-tQ^a[A,i,]) 



U{£) 



(3.34) 
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That the right-hand side of ()3.34|) is independent of the parameter t G M for gauge 
invariant a follows by noting that its derivative with respect to t vanishes upon integrating 
by parts over n(£^), and using ()3.32|) and ()3.33p along with the Leibnitz rule for the 
functional derivative operator (j3.28j) . This will be true so long as the perturbation by 
Q^a yields an effective action which has a nondegenerate kinetic energy term, and that it 
does not allow any new fixed points to flow in from infinity in field space. The t = 
limit of ()3.34j) coincides with the original partition function of noncommutative gauge 
theory, while its t — oo limit yields the desired reduction for appropriately chosen a. 

At this stage we will choose 



a 



/i 



A 



(3.35) 



Substituting ()3.35|) into ()3.34p using ()3.28|) . performing the Gaussian integral over 
Vf'{£), and taking the large t limit, we arrive at 



volG(^) 



X hm exp r Tr 



A 



X expMvrMi^^t Tr^ hi 



A 



)} 



(3.36) 



where we have further applied the Leibnitz rule along with ()3.17|1 . and also dropped overall 
constants for ease of notation. The integrations in ()3.36|) produce polynomial functions 
of the parameter t, and the A integration is therefore suppressed by the Gaussian term 
in t as t ^ oo. Nondegeneracy of the quadratic form ()3.4j) implies that the functional 
integral thereby becomes localized near the solutions of the equation 



A 







(3.37) 



and it can be written as a sum over contributions which depend only on local data near the 
solutions of ()3.37|) . Along with ()3.17p and the Leibnitz rule, the equation ()3.37|) imphes 







Tr^/i 
-Tr. 



A 



Vj, n 



A 



Vi , /i 

2 



A 



m 2 



which again by the non-degeneracy of ()3.4|1 is equivalent to 



Vi, [I 



A 



(3.38) 



(3.39) 



Since [i 



A 



Vi, V2 



the equations ()3.39|1 coincide with the classical equations of 



motion of the action ()2.25|) . i.e. A /5A = 0. This establishes the localization of 
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the partition function ()2.24|) of noncommutative gauge theory in two dimensions onto 
the space of solutions of the noncommutative Yang-Mills equations. This space will be 
studied in detail in the next section. 

Although the above technique leads to a formal proof of the localization of the partition 
function onto classical gauge field configurations, it does not yield any immediate useful 
information as to the precise form of the function W in ()3.3|1 encoding the quantum 
fluctuations about the classical solutions. The infinite-dimensional determinants that 
arise from ()3.36p have very large symmetries and are difficult to evaluate. The fluctuation 
determinants W will be determined later on by another technique. From a mathematical 
perspective, the action in ()3.27|) over Il{S) is the G(£^)-equivariant extension of the moment 
map on C{S), the integration over Il{S) defines an equivariant differential form, and the 
integral over (p G Q^{S) defines equivariant integration of such forms. The operator 
fl3.28|) is the Cartan differential for the G(£^) -equivariant cohomology of C{S) jSl]. The 
localization may then also be understood via a mapping onto a purely cohomological 
noncommutative gauge theory in the limit t oo. These aspects will not be developed 
any further here. 



4 Classification of Instanton Contributions 

In the previous section we proved that the partition function is given by a sum over con- 
tributions localized at the classical solutions of the noncommutative gauge theory. In this 
section we will classify the instantons of two-dimensional gauge theory on the noncommu- 
tative torus, and later on explicitly evaluate their contribution to the partition function. 
By an "instanton" here we mean a solution Ai = Af of the classical noncommutative field 
equations 

d,FA + A, V Fa -Fa^'A = (4.1) 

which is not a gauge transformation of the trivial solution Ai = 0. Here Fa is the noncom- 
mutative field strength (j2.28|) . Note that this definition also includes the unstable modes. 
In the commutative case, instanton contributions have a well-known geometrical classi- 
fication based on the fundamental group of the spacetime [^Hj. In the noncommutative 
setting, however, the role of homotopy groups is played by the K-theory of the algebra and 
one must resort to an algebraic characterization of the contributing projective modules. 
For irrational values of the noncommutativity parameter 6, an elegant classification of the 
stationary points of noncommutative Yang-Mills theory has been given in jSH]. In what 
follows we shall modify this construction somewhat to more properly suit our purposes. 
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4.1 Heisenberg Modules 



In order to classify the instanton solutions of gauge theory on the noncommutative torus, 
we need to specify the topological structures involved. This requirement leads us into 
the explicit classification of the projective modules over the algebra Ae [HIHHI- They are 
classified by the K-theory group 



Ko{Ae) = n^(Voo{Ae)) =Z(BZ . (4.2) 



The cohomologically invariant trace Tr : Ae ^ C induces an isomorphism Kq^Ab) 
Z + Z9 C M of ordered groups. To each pair of integers {p, q) G Ko(^6i) there corresponds 
a virtual projector Pp^q with Ti ® iY Pp^q = p — q9. However, given a projective module 
S determined by a Hermitian projector P, positivity of the trace implies 

dimS = Tr^ 1^: = Tr ® tr P = Tr ® tr P P"^ > , (4.3) 

and so the stable (rather than virtual) projective modules are classified by the positive 
cone of Kq^Aq). Thus to each pair of integers {p, q) we can associate a Heisenberg module 
£p,q IS] of positive Murray- von Neumann dimension 

dim£p^q = p- qO >{] . (4.4) 

Such pairs of integers parameterize the connected components of the infinite dimensional 
manifold Gr^ of Hermitian projectors of the algebra Ag. In what follows we will be 
interested in studying the critical points of the noncommutative Yang-Mills action within 
a given homotopy class of Gr^. The integer 

? = 77^ Tr ® tr M Pp,, \d , Pp, J A \d , P^, J (4.5) 
/vr 1 L J L J 

is the Chern number (or magnetic flux) of the corresponding gauge bundle ^H] • In the 
case of irrational 9, any finitely generated projective module over the noncommutative 
torus is either a free module or it is isomorphic to a Heisenberg module jlHl- We will view 
free modules as special instances of Heisenberg modules obtained by setting g = 0. Any 
two projective modules representing the same element of K-theory are isomorphic. 

The main property of Heisenberg modules that we will exploit in the following is that 
they always admit a constant curvature connection e Cp^q = C{£p^q), 

V^, V^^] = , (4.6) 

where / G M is a constant. In this subsection we shall set $ = 0, as the background 
magnetic flux can be reinstated afterwards by the shift / ^— / + $. In the presence 
of supersymmetry, such a field configuration gives rise to a BPS state jlTl EH] . It also 
leads to an explicit representation of the Heisenberg module Sp^q as the separable Hilbert 
space jSH] 

Sp^q = L\R)^C\ g^O. (4.7) 
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The Hilbert space L^(M) is the Schrodinger representation of the Heisenberg commutation 
relations ()4.6p . By the Stone- von Neumann theorem, it is the unique irreducible repre- 
sentation. The factor defines the g x g representation of the Weyl-'t Hooft algebra in 
two dimensions, 

TiTa = e'^'P/'^rsTi , (4.8) 

which may be solved explicitly by SU (q) shift and clock matrices. The generators of the 
noncommutative torus are then represented on ()4.7|) as 

= e^^"'^^/^®ri , (4.9) 

and computing ()2.1|) using ()4.6p . ()4.8p and the Baker-Campbell-Hausdorff formula thereby 
leads to a relation between the noncommutativity parameter 6 and the constant flux / 
through 

^ (4.10) 



27ri?2/ q 

The ^e-valued inner product on Sp^q is given by 



mi=— oo 7712=— oo 




nil 



27ri?2/^ 

X Z^'Z^^ . (4.11) 
For g = we define Sp^ to be the free module of rank p, i.e. 

Spfl = L^{T^)0CP . (4.12) 

The Heisenberg module Sp^g so constructed coincides, in the D-brane picture, with the 
Hilbert space of ground states of open strings stretching between a single Dr-brane and 
p Dr-branes carrying q units of D(r — 2)-brane charge IH]. It is irreducible if and only if 
the integers p and q are relatively prime. The Weyl-'t Hooft algebra ()4.8j) has a unique 
irreducible representation (up to SU{q) equivalence) of dimension g/gcd(p, q) jinUSO], and 
so the rank of the resulting gauge theory as defined in section 1221 is given by 

N = gcd(p,g) . (4.13) 

Furthermore, the commutant Mn^Ab') of Ae in End^g(£^p,q) is Morita equivalent to 
the noncommutative torus with dual noncommutativity parameter 6' determined by the 
5'L(2,Z) transformation 

9'='^N, (4.14) 
p — qO 

where n and s are integers which solve the Diophantine equation 

ps — qn = N . (4-15) 
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4.2 Stationary Points of Noncommutative Gauge Theory 



We will now describe the critical points of the noncommutative Yang-Mills action ()2.25j) . 
Let us fix a Heisenberg module £p^q over the noncommutative torus, which is labelled by 
a pair of integers (p, q) obeying the constraint ()4.4j) . From ()4.6|) and ()4.10|) it follows that 
this projective module is characterized by a connection V'^ G Cp^q of constant curvature 

' ^ ^ (4.16) 



■ 1> 



27ri?2 p-qO 

Such constant curvature connections are of fundamental importance in finding solutions 
of the noncommutative Yang-Mills equations because they not only solve ()4.H) . but they 
moreover yield the absolute minimum value of the Yang-Mills action on the module 
£-p.q EZ! ■ This follows by using to compute the infinitesimal variation F 

about a constant curvature connection to get 

27r2i?2 



A'^+ta 



s 



t a 



Tr 



9' 



1. 



S 



2vrW 
9^ 



+ o [t') 



(4.17) 



The cross terms of order t in ()4.17|) vanish due to the property ()3.17|) and the fact that the 
field strength ()4.16|) is proportional to the identity operator on £p^q. Since the quadratic 



term in t is positive definite, we have S 



> S 



Va G Q}{£p^q). To establish 



that is a global minimum, we can exploit the freedom of choice of the background flux 



0, 



$ (see section 6.1) to identify it with the constant curvature (I4.16p . Then S 

and since ()2.25|1 is a positive functional, the claimed property follows. This shifting of the 
curvature will be used explicitly below. 

In addition to yielding the minimum of the Yang-Mills action, constant curvature 
connections can also be used to construct all solutions of the classical equations of mo- 
tion jSni- The main observation is that insofar as solutions of the Yang-Mills equations 
are concerned, the module £p^q may be considered to be a direct sum of submodules |35]. 
To see this, we note that the equations of motion ()3.39|) imply that, at the critical points 



V = V^^ the moment map /i 



A 



is invariant under the induced action of the Heisenberg 



algebra of automorphisms on the algebra End^g(£'p,g). In particular, it corresponds 



cl 



to the central element of the Heisenberg Lie algebra generated by Vf , and yU A 
This feature provides a natural direct sum decomposition of the module £p^q through the 
adjoint action of the moment map on VLp^q = Q{£p^q). For this, we consider the self-adjoint 
linear operators : Qp^q 



Vtp q deflned for each connection V G Cp^q by 



A 



a 



a eVL. 



(4.18) 



From the equations of motion (j3.39|) it follows that the ^g-valued eigenvalues of Sy 
are constant in the vicinity of a critical point V = V'^', and so there is a natural direct 
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sum decomposition of the module Sp^q into projective submodules Sp^m^ 



,1k ' 



(4.19) 



fc>i 



corresponding to the eigenspace decomposition Vtp^q = ®k>i^Pk,qk with respect to Sy." 
On each ^p^.q,. the operator acts as multiphcation by a fixed scalar Ck- Since n 



commutes with V"^\ the connection V^' is also a linear operator on each £. 



and its restriction V|^^^ 



has constant curvature /x 



-Pk'ik 



Pfc,9fe 



Pkmi 



-Pk'ik 



Given such a direct sum decomposition^ of the module Sp^g, we can define a connection 
V on Sp^q by taking the sum of connections on each of the submodules, V = 0fc>i (k)- 
The noncommutative Yang-Mills action is additive with respect to this decomposition, 



S 



k>l 



(k) 



V 



(fc) 



k>l 



(4.20) 



It follows that for the particular choice of constant curvature connections V^^-^ on each of 
the submodules £p,.,qf., the Yang-Mills action has a critical point 



k>l 



c 

(k) 



(4.21) 



on £p q. Moreover, from the above arguments it also follows that every Yang-Mills critical 
point on £p^q is of this form. 

This construction thereby exhausts all possible critical points, and is essentially the 
noncommutative version of the bundle splitting method of constructing classical solu- 
tions to ordinary, commutative gauge theory in two dimensions j^SI. While there are 
many possibilities for the decomposition ()4.19|) of the given module £p^q into submodules, 
there are two important constraints that must be taken into account. First of all, the 
(positive) Murray-von Neumann dimension of the module is additive with respect to the 
decomposition (j4.19j) . 



dim£:p,, = ^ dim£:p^,,^. = ^ (p^ - qf^Q) 



(4.22) 



k>l 



k>l 



Secondly, since a module over the noncommutative torus is completely and uniquely 
determined (up to isomorphism) by two integers, we need an additional constraint. This 

'''It should be stressed that (|4.19(l is not the statement that the given Heisenberg module is reducible. 
It simply reflects the behaviour of connections near a stationary point of the noncommutative Yang- Mills 
action, in which one may interpret the eigenspaces ^p^^q^ — Q{£pf.^q^) as the differential algebras of 
submodules £p^,q^ C £p,q. For more technical details of the decomposition H4.19|l as an ^g-module, we 
refer to [SSI- Notice also that here we abuse notation by making no distinction between V'^ acting on 
rip^q or Sp^q. Only the latter operator will be pertinent in what follows. 

^In section [T] we will give an elementary proof that such decompositions necessarily contain only a 
finite number of direct summands. See |36 | for a functional analytic proof. 
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is the requirement that the Chern number of the module be equal to the total magnetic 
flux of the direct sum decomposition. For the module £p^q this gives the relation 

q = Y,^k. (4.23) 

k>l 

For irrational values of the noncommutativity parameter 9 it is clear from ()4.4|) that the 
constraint ()4.23|) follows from ()4.22|) . This is not the case for rational 9 and the constraint 
on the Chern class makes necessary a distinction between physical noncommutative Yang- 
Mills theory and Yang-Mills theory defined on a particular projective module £p^q. The 
latter field theory imposes a K-theory charge conservation law for submodule decom- 
positions ()4.19|) . (p, g) = X]fc>i(Pfc, Q'fe)- This distinction will be discussed further when 
the partition function for Yang-Mills theory on the noncommutative torus is calculated 
explicitly. 

We can now summarize the classification of the critical points of the noncommutative 
Yang-Mills action as follows. For any value of the noncommutativity parameter 6', any 
solution of the classical equations of motion of Yang- Mills theory defined on the Heisenberg 
module £„„ is completely characterized by a collection of pairs of integers < ipkiQk) \ 

I J k>l 

obeying the constraints 

Pk-qk9 > , 
{Pk - qk9) = p-q9 , 

k>l 

J^Qk = q- (4.24) 
fe>i 

We will call such a collection of integers a "partition" ^ and will denote it by [p, q) = 

\(pk,qk)(- -In order to avoid overcounting partitions which will contribute to the Yang- 
l J k>i 

Mills partition function, we also need to introduce a partial ordering for submodules in a 
given partition based on the dimension of each submodule, 

0<Pi-qi9<p2-q29<P3-q30<... • (4.25) 

Any number of partitions which are identical after such an ordering will be regarded as 
equivalent presentations of the same partition. The set of all distinct partitions associated 
with the Heisenberg module Spg will be denoted Vp^q{9) = V{9,Sp^g). 

It remains to evaluate the Yang-Mills action at a solution of the classical equations of 
motion, which, by the arguments of the previous section, is one of the key ingredients in 

^This definition of partition is more general than that of It is the one that is the most useful for 
the computation of the noncommutative gauge theory partition function in the following. In particular, 
it contains contributions from reducible connections, as these will also turn out to contribute to the 
Yang-Mills partition function. These connections are in fact responsible for the orbifold singularities that 
appear in the instanton moduli spaces. These points, as well as how to avoid the overcounting of critical 
points through combinatoric factors in the partition function, will be described in detail in section 9. 



26 



the computation of the partition function of noncommutative gauge theory. At a critical 
point, i.e. a partition (p, g), according to ()4.20|) it is just the sum of contributions from 
constant curvature connections on each of the submodules of the partition, 



S 



k>l 



[k) 



^ k>i ^ 



Qk 



Pk -Qkd p- qO 



(4.26) 



where we have used Tr c- Ip 



$ to be [13 



$ = $ 



p.? 



Pk — QkO and fixed the value of the background field 



This value ensures that the constant curvature connection on the module Sp^q, which 
corresponds to a solution of the equations of motion parameterized by the trivial partition 
{p, q), gives a vanishing global minimum of the action, S{p, q; 9) = 0. This is the natural 
boundary condition, and generally the inclusion of $ ensures that the classical action is 
invariant under Morita duality HTl liSl 1^ 1^ . 



5 Yang-Mills Theory on a Commutative Torus 

As we mentioned in section 13 while we can prove that noncommutative gauge theory on 
a two-dimensional torus is given exactly by a sum over classical solutions (instantons), 
evaluating directly the fluctuation factors, which multiply the Boltzmann weights of the 
corresponding critical action values computed in the previous section, is a difficult task. 
We will therefore proceed as follows. We start with the well-known exact solution for 
Yang-Mills theory on a commutative torus and identify quantities which are invariant 
under gauge Morita equivalence. This will yield the partition function of noncommutative 
Yang-Mills theory for any rational value of the noncommutativity parameter 6. From this 
expression we will then be able to deduce the corresponding expression for Yang-Mills 
theory defined on a noncommutative torus with arbitrary 6. In this section we will 
analyze the instanton contributions to commutative Yang-Mills theory in order to set up 
this construction. 

The physical Hilbert space Tiphys of ordinary U{p) quantum gauge theory defined on 
a (commutative) two-torus is the space of class functions 

/ N Ad(u{p)) 

n^^ys = L^[U{P)) (5.1) 

in the invariant Haar measure on the U{p) gauge group. By the Peter- Weyl theorem, 
it has a natural basis \1Z) determined by the unitary irreducible representations TZ of 
the unitary Lie group U{p). The Hamiltonian is essentially the Laplacian on the group 
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manifold of U{p), and so the corresponding vacuum amplitude has the well-known heat 
kernel expansion [T3J EHl IM] 

Z{g^p) = J2e-'-'^'^'^^^^\ (5.2) 
n 

where the Boltzmann weight contains the quadratic Casimir invariant C2{TV) of the rep- 
resentation TZ. This concise form does not have a direct interpretation in terms of a sum 
over contributions from critical points of the classical action that we expect from the 
arguments of section |21 In order to find a more appropriate form, it is useful to make 
explicit the sum over irreducible representations as a sum over integers and perform a 
Poisson resummation of ()5.2|) [5^ . 

The representations TZ of U{p) can be labelled by sets of p integers 

-|- oo > ni > ^2 > . . . > np > — oo (5.3) 

which give the lengths of the rows of the corresponding Young tableaux. In terms of these 
integers the Casimir operator is given by 



C2(7^) = C2(ni, . . . ,np) = ^ - l) + 5^ n„ 

a=l ^ 



1 \ 2 

"-^^ . (5.4) 



2 

and by using its symmetry under permutations of the integers na we can write ()5.2j) as 

Z(/,p) = i ^ g-2.WC.(n„...,n,) _ ^5 5) 



One can extend the sums in ()5.5|) over all integers ni, np by inserting the determinant 

p 

~ ~ o-eEp a=l 

where Sp is the group of permutations on p objects. The permutation symmetry of ()5.4p 
implies that all elements in the same conjugacy class of Sp yield the same contribution 
to the partition function. The sum over permutations (j5.6j) thereby truncates to a sum 
over conjugacy classes of Sp. They are labelled by the sets of p integers < z/^ < [p/a], 
each giving the number of elementary cycles of length a in the usual cycle decomposition 
of elements of Ep, and which define a partition of p, i.e. 

i/i 2z/2 . . . pvp = p . (5.7) 

The parity of the elements of a conjugacy class C[z7] = C[z^i, . . . , z/p] is 

sgnC[iJ] = {-l)^-'"^-' (5.8) 
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and it contains 

Cm\ = ^ (5.9) 

0=1 

elements. 

The sum over the UaS in then yields a theta-function, and the corresponding 
Jacobi inversion formula can be derived in the usual way by means of the Poisson resum- 
mation formula 

00 

00 00 „ 

n=— 00 (/=— 00 

^ —00 

The Fourier transformations required in are all Gaussian integrals in the present 

case, and after some algebra the partition function (jS.Sj) can be expressed as a sum over 
dual integers as [ISj ^ 

222 00 00 



222 °° °° , 



X n ^^^^ V e-^'^(''^'--'^i^^i) . (5.11) 

J- J- ;/ ' 



a=l 



Here 



ui + U2 + ... + Up (5.12) 



is the total number of cycles contained in the elements of the conjugacy class C[u] of Hp, 
and the action is given by 

-1 / 1^1 ,,2 v-i+y2 2 u\-^U2-^V3 2 

\fci = l fc2=!^l+l ^3=1/1+1/2 + 1 

2 \ 

+ ...+ 5^ ^ . (5.13) 

It is understood here that if some Va = 0, then gj^^4. ,,4.j,^_^+i = . . . = qu]_+...ua-i+va = 0- 

The remarkable feature of this rewriting is that the action ()5.13p is precisely of the 
general form ()4.26|) . Since Kq ^C°°(T^) j = Z©Z, any finitely-generated projective module 
£ = £p^q over the algebra ^0 = C°°(T^) is determined (up to isomorphism) by a pair of 
relatively prime integers (p, q) G Z_(_©Z with dimension given by p and constant curvature 
q/p [44 . Geometrically, £p^q is the space of sections of a vector bundle over the torus 

^We have corrected here a few typographical errors appearing in eqs. (13)-(15) of j^. 
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of rank p, topological charge q, and with structure group U{p). Consider a direct 
sum decomposition ()4.19|) of this module. We will enumerate submodules in a partition 
according to increasing dimension. Let Ua be the number of submodules of dimension a, 
corresponding to the splitting of the bundle into sub-bundles of rank a, so that 

dim £pq = Vi + 2v2 + . . .+ pUp . (5-14) 

This condition is simply the constraint (j4.22p on the total dimension of the sum of sub- 
modules in this case, i.e. p = J2k>iPk with 1 < < p. Therefore, the expression (|5.11|) 
is nothing but the localization of the partition function of commutative Yang-Mills theory 
onto its classical solutions. Note that here the magnetic charges qk are dual to the lengths 
of the rows of the Young tableaux of the unitary group U{p). 

There are, however, two important differences here. First of all, the action ()5.13|) is 
evaluated for a topologically trivial bundle, i.e. g = 0, which yields a vanishing back- 
ground flux $p g. Consequently, (jS.lip is not the most general result. Secondly, and most 
importantly, the sum over Chern numbers qi, . . . ,q\0\ in the partition function is not con- 
strained to satisfy ()4.23p . which in view of our first point is the restriction Xlfc^fc = 0. In 
fact, the partition function ()5.11|) for physical U{p) Yang-Mills gauge theory on the com- 
mutative torus is a sum of contributions from topologically distinct bundles (of different 
Chern numbers) over the torus. In order to generalize the calculation of the partition 
function to the case of Yang-Mills theory defined on a projective module, we need to 
separate out of ()5.11|) the terms which are well-defined on a particular isomorphism class 
Sp^q of modules. 

In order to facilitate the identification of such a module definition of Yang-Mills theory, 
we write the partition function 1)5.111) in terms of the topological numbers of the module 
^p,q- We will first enforce the constraint ()4.23|) on the magnetic charges. It is also useful 
for further calculations to re-interpret the parity factors (— l)Sa"^2a' in terms of the rank 

p and the total number |z7| of submodules in a given partition {p,q) = < {pk,qk) \ 

I J k=l 

labelling a critical point of the action. If p is odd (even) then there is an odd (even) 
number of submodules Spi^^q^. with pk odd. By considering all possible cases one can show 
that 

b/2] 

'^J^2a'=P+W\ (mod 2) . (5.15) 

a'=l 

With these adjustments we are led to the module Yang-Mills theory with partition function 
Zp^q which is well-defined on Sp^g, 

2 2 2 °° 

Zig^p) = e-^-^viv^-^) J2 (-1)^^-^)^+^ Zp,q{g\e = 0) , (5.16) 

g=— oo 

where the module partition function is given by a sum over partitions associated with the 
module Sp^q, 

Zp,q{g\e = 0) = Z{g^e = 0,%,q,Sp,q) 
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J2 (-l)l'^in , e -^(^^''?^^=°) . (5.17) 

(?5',g)GT'p,,(e=0) a=l 

Note that the critical points of the action are defined by partitions obeying the constraints 
(I4.24|l . including a restriction to submodules with total Chern number q. We have also 
generalized to the correct action ()4.2fij) for Yang-Mills theory on a bundle with Chern 
number q which contains the non-vanishing value (j4.27|) for the background magnetic 
field $. Again, this latter change is equivalent to adding boundary terms to the action 
which do not contribute to the classical dynamics of the theory and hence are not relevant 
to our analysis based on instanton contributions. The only essential role of $ is, as we 
will see, to set the zero-point of the Yang-Mills action in the instanton picture. Therefore, 
a shift in $ will at most result in multiplying the fixed module partition function ()5.17p 
by overall constants dependent only on the topological numbers (p, q). 

6 Yang-Mills Theory on a Noncommutative Torus: 
Rational Case 

Given the partition function ()5.17|1 for Yang-Mills theory which is well-defined on a given 
module Sp^q of sections of some bundle, we can now use Morita equivalence to obtain 
an explicit formula for Yang-Mills theory on a torus with rational noncommutativity 
parameter 6 from the commutative case. Morita equivalence in this case refers to the 
mapping between noncommutative tori which is generated by the infinite discrete group 
50(2, 2, Z) = 5L(2,Z) X 5L(2,Z), where one of the SL{2,Z) factors coincides with the 
discrete automorphism group of the ordinary torus T^. It provides a one-to-one corre- 
spondence between modules associated with different topological numbers and noncom- 
mutativity parameters. Here we will be interested in the transformations from modules 
corresponding to rational values of 6 to modules with vanishing 6. In fact, there is an 
extended version of the correspondence known as gauge Morita equivalence |^ |3HI which 
augments the mapping of tori with transformations of connections between modules, and 
leads to a rescaling of the area and coupling constant to give a symmetry of Yang-Mills 
theory as we have defined it in ()2.26|) . The entire noncommutative quantum field theory 
is invariant under this extended equivalence ^Hj which coincides with the standard open 
string T-duality transformations |lT| l51j. We will use this invariance property to construct 
the noncommutative gauge theory for rational values of the deformation parameter 6. 

6.1 Gauge Morita Equivalence 

We begin by summarizing the basic transformation rules of Morita equivalence of non- 
commutative gauge theories El IBI- In two dimensions, Morita equivalences of non- 
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commutative tori are generated by the group elements 

eSL{2,Z), (6.1) 



m n 
r s 



where we concentrate on the SL{2, Z) subgroup which acts only on the Kahler modulus 
of T^. The full duality group acts on the K-theory ring Ko(^e) © Ki(-^6») in a spinor 
representation of S'0(2,2,Z) and the topological numbers {p,q) of a module S = Sp^g 
transform as 



p \ I m n \ I p 
q' ) \r s ) \q 



(6.2) 



The noncommutativity parameter 9 transforms under a discrete linear fractional trans- 
formation 

mO + n , , 

6' = —— . 6.3 

r9 + s ^ ' 

From these rules it follows that under the gauge Morita equivalence parameterized by 
(j6.1|) the dimensions of modules are changed according to 

^, dim£^ , 
dim£' = — -. (6.4) 

\rO + s\ 

The invariance of the noncommutative Yang-Mills action ()2.27|) then dictates the corre- 
sponding transformation rules for the area element of T^, the Yang- Mills coupling con- 
stant, and the magnetic background as 

B! = \r9 + s\R, 



g'^ = \r9 + s\g^ 



2 r{r6 + s) 



$' = ir9 + s)'<l>- '^^^^ ' . (6.5) 



6.2 The Partition Function for Rational Q 

Let us now consider the effect of such transformations on the module partition function 
defined in (j5.17j) . Under the gauge Morita equivalence parameterized by (|6.1|) . the ordi- 
nary Yang-Mills gauge theory ()5.17|) is mapped onto a noncommutative gauge theory with 
rational- valued noncommutativity parameter 6 = n/s. The classical action of the theory 
is invariant, and constant curvature connections are mapped into one another ^ E5] . 
Thus Morita equivalence maps solutions of the equations of motion between the com- 
mutative and rational noncommutative cases. The localization of the partition function 
onto classical solutions is therefore not affected by the transformation. The topological 
numbers of the submodules comprising partitions which define solutions of the classical 
equations of motion also map into each other in the two cases. In particular, the total 
number of submodules in a partition is invariant under the Morita duality. 
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The only component of the partition function ()5.17|) we have left to examine is the pre- 
exponential factor Y[a>i {'^g'^R^o?)'""^'^ / i^a-- The symmetry factors uj. associated with a 
partition are preserved, and so from the transformation rules ()6.5|1 for ^ = it follows that 
this component is invariant only if the integer appearing here transforms according to 
the scaling 



«' = A (6-6) 

under the Morita equivalence. But is exactly the rescaling (|6.4j) of the dimension 
of a projective module in this case. It follows that the indices a in the pre-exponential 
factors of ()5.17p should be interpreted as the (integer) dimensions of submodules in the 
commutative gauge theory, and this fact provides a Morita covariant interpretation of 
these indices which leads immediately to the appropriate generalization of the formula 
()5.17|1 to rational-valued 6* 7^ 0. 

We are now in a position to write down an explicit expression for the partition function 
of quantum Yang-Mills theory on the module £p^q corresponding to rational, non-integer 
noncommutativity parameter 9. The only modifications required are the counting and 
dimensions of modules which, in contrast to the commutative case, are no longer integer- 
valued. We order the submodules in a given partition according to increasing 
dimension, 

< d\m£p^ q^ < dim£^p2 52 < dmiEp^ q^ < . . . . (6.7) 

Let Va be the number of submodules in this sequence that have the a*^ least dimension, 
which we denote by dim^. Then the integer 

|z7| = ^z/, (6.8) 

a>l 

still gives the total number of submodules in a partition, and we may write the partition 
function for rational 9 as 

-ya/2 



Zp,{g\9) = J2 (-1)'" ^ ^""^""'^ ■ (6-9) 

(P,'?)GPp,g(e) a>l 

This expression provides a direct evaluation of Yang-Mills theory on a torus with ra- 
tional noncommutativity parameter 9, without recourse to Morita equivalence with the 
commutative theory. Note that in the case when all submodules in the partitions have in- 
teger dimension, the formula ()6.9|) reduces to that for the partition function of Yang-Mills 
theory on a commutative torus in ()5.17|) . 



6.3 Relation Between Commutative and Rational Noncommu- 
tative Gauge Theories 

The arguments which led to the expression (j6.9|) give an interesting way to see the well- 
known connections between Yang-Mills theory on a noncommutative torus with rational- 
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valued 6 and Yang-Mills theory defined on a commutative torus. Consider the gauge 
theory defined on the Heisenberg module Ep^q over the noncommutative torus with defor- 
mation parameter 9 = n/s, where n and s are relatively prime positive integers. It can 
be verified from the definition (j4.4p that any projective module over such a torus has a 
Murray- von Neumann dimension of at least 1/s. Since the total dimension of the module 
Sp^q is p — nq/s in this case, a partition (p, g) which obeys the constraints ()4.24|) and 
which consists of submodules of dimensions greater than or equal to 1/s has at most 

p-nq/s 

— — = ps — qn (d.KJj 

i/s 

components. Since Morita equivalence preserves the number of submodules in a partition, 
any gauge theory which is dual to this rational noncommutative one must admit partitions 
with ps — qn components. On the other hand, for U{N) Yang-Mills theory defined on a 
commutative torus, we know that due to the constraints (j4.24j) . the maximum number 
of submodules in a partition is (corresponding to i^i = and z/q = Va > 1). We 
conclude that Yang-Mills theory on a Heisenberg module Sp^q over the noncommutative 
torus with 6 = n/s is Morita equivalent to a U{N) commutative gauge theory of rank 
N = ps — qn. This result agrees with how the rank of the noncommutative gauge theory 
appeared at the end of section 14.11 

Notice that Morita equivalence maps submodules of the U{ps — qn) commutative gauge 
theory, as defined in the previous section, onto submodules of the noncommutative gauge 
theory on the Heisenberg module £p^q as defined in section I^ITI The effect of this mapping 
on dimensions of projective modules is to divide by s. This includes the irreducible finite- 
dimensional representation of the Weyl-'t Hooft algebra generated by the Zi in ()2.ip as 
follows. The infinite-dimensional center of the algebra An/s is generated by the elements 
Zi = (Zi)^, i = 1,2 which, in an irreducible unitary representation, can be taken to 
be complex numbers of unit modulus. The center can thereby be identified with the 
commutative algebra C°°(T^) of smooth functions on the ordinary torus T^, i.e. An/s 
may be regarded as a twisted matrix bundle over C°^(T^) of topological charge n whose 
fibers are s x s complex matrix algebras M^. In particular, there is a surjective algebra 
homomorphism vr : An/s ^s, sending the Zi to the corresponding SU{s) shift and 
clock matrices, under which the entire center of An/s is mapped to C. In the language 
of Heisenberg modules this representation corresponds to the finite-dimensional factor 
C of the separable Hilbert space £s = i^^(T^) (g) C, which allows for twisted boundary 
conditions on functions of the ordinary torus leading to the appropriate Weyl-'t Hooft 
algebra in this case. The irreducible finite-dimensional representation of the algebra is 
thereby associated with a free module Sg = Egfi of vanishing Chern class. Therefore, 
the localization of the partition function of quantum Yang-Mills theory on a rational 
noncommutative torus is determined entirely by contributions from classical solutions 
associated with Heisenberg modules as we have described them above. By construction, 
this includes the Morita equivalent projective modules over the ordinary torus. 
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7 Yang-Mills Theory on a Noncommutative Torus: 
Irrational Case 



Finally, we come to the case of irrational 9. We claim that the formula ()6.9j) gives 
the Yang-Mills partition function as a sum over partitions {p,q) consisting of pairs of 
integers satisfying the constraints (j4.24j) . Before justifying this claim, let us describe the 
quantitative differences in the formula ()6.9|) between the rational and irrational cases. In 
fact, the analytical structure of the partition functions in the two cases is very different 
due to the drastic differences of the partitions in Vp^q{9) which contribute to the functional 
integral. Recall from the previous section that in the case of rational 9, all modules have 
dimension at least 1/s, and this fact was the crux of the existence of the mapping between 
the rational and commutative gauge theories. In contrast, when 9 is irrational, submodules 
with arbitrarily small dimension can contribute to a partition which characterizes a critical 
point of the Yang-Mills action. As such, there is no a priori upper bound on the number 
of submodules in a partition of Vp^q{9). While for deformation parameter 9 = n/s all 
partitions contain at most ps — qr submodules of Sp^g of dimension at least 1/s, in the 
irrational case there are no such global bounds on the elements of Vp,q{9). It is this fact 
that prevents Yang-Mills theory on a noncommutative torus with irrational- valued 9 from 
being Morita equivalent to some commutative gauge theory of finite rank, and indeed in 
this case the algebra Ae has a trivial center. 

As a consequence, in contrast to the rational case, the Yang-Mills partition function 
on an irrational noncommutative torus receives contributions from partitions containing 
arbitrarily many submodules. However, it is possible to show that any partition corre- 
sponding to a fixed finite action solution of the noncommutative Yang-Mills equations of 
motion contains only finitely many components. By using a Morita duality transforma- 
tion (|6.5|) we can transform the action so that <I> = 0. Consider a partition {p,q) G Vp^q{9) 
on which the Yang-Mills action has the value S(j), q;9) = ^ G M+. Since (j4.26p is a sum 
of positive terms, this implies that q\ < E, {pk — qk9) for each k > 1. But the constraints 
(101)) imply 

0<Pk-qk9 <p-q9 (7.1) 

for each k > 1, and hence 

ql<aP-qO)- (7.2) 

From ()7.2|) it follows that qk can range over only a finite number of integers, and hence 
from (j?.!)) the same is also true oi pk, which establishes the result. In particular, we can 
pick out the minimum dimension submodule in a given partition {p,q) and order 

the submodules according to increasing Murray- von Neumann dimension as in (j6.7|) . The 
definition ()6.8|) still makes sense and hence so does the expression fl6.9p for the partition 
function, provided that one now allows for partitions with arbitrarily large (but finite) 
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numbers of submodules. Incidentally, this line of reasoning also shows that the set of values 
of the noncommutative Yang-Mills action on the critical point set Vp^q{6) is discrete, as 
is required of a Morse function |36] . 

Let us now indicate the reasons why ()6.9|) is the correct result for the partition function 
of Yang-Mills theory on a noncommutative torus with irrational 6. First of all, notice that 
the localization arguments of section IHl which give the functional integral as a sum over 
critical points of the Yang-Mills action are independent of the particular value of 6. In a 
direct evaluation, the pre-exponential factors in (j6.9|) would be determined by performing 
the functional Grassmann integrations and taking the t — oo limit in the localization 
formula ()3.36|) . In this formula, ^ is a continuous parameter and we do not expect the 
calculation of contributions from Gaussian fluctuations to depend on the rationality of 6. 
Thus the pre-exponential factors in yield the value of the fluctuation determinant 
at each critical point in the semi-classical expansion of the partition function. Moreover, 
as emphasized in section 16.31 the contributing submodules to this expansion are always 
Heisenberg modules, which are the only projective modules in the irrational case. In this 
regard it is interesting to note the role of the alternating sign factors (-l)l'^l in dHSl). The 
global minimum of the action, which has |z7| = 1, is the only stable critical point of the 
theory. According to general stationary phase arguments |34j, a classical solution with n 
unstable modes is always weighted with a phase — e '^^"/^ in our normalization. Thus each 
submodule in a partition which defines a critical point corresponds to a local extremum 
of the noncommutative Yang-Mills action which is unstable in two directions. Going back 
to the topological sum (|5.16|) . we see that, as is the usual case in U{p) gauge theory, 
each unit charge instanton configuration yields 2p — 2 negative modes. The instanton 
configurations will be studied in more detail in section IHl 

Secondly, consider an approximation to the partition function for irrational 6 by ra- 
tional theories. Formally, this requires a limit 6 = lim^ rim/ Sm with both Um — oo and 
Sm — > oo as m ^ oo. As we have seen in the previous section, the minimum dimension 
of a submodule which is permitted over the noncommutative torus An^/s^ is l/s„i. Con- 
sequently, any rational approximation to the partition function would contain partitions 
of arbitrarily small dimension, as we expect to see for irrational values of the noncom- 
mutativity parameter 6. With these pieces of evidence at hand, we thereby propose that 
the partition function of noncommutative gauge theory on a Heisenberg module £p^q over 
a two-dimensional torus is given for all values of the deformation parameter 9 by the 
expression 



where the integer a labels the Va submodules of dimension dim^ = Pa — Qad. This formula 





(7.3) 
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exhibits the anticipated universahty between the irrational and rational cases a 
feature which we will see more of in the following. Note that the contributions from 
classical solutions containing submodules of very small Murray-von Neumann dimension 
are exponentially suppressed in (j7.3|) . In what follows we will explore some applications 
of this formalism. 

8 Smoothness in 6 

An important issue surrounding noncommutative field theories in general is the behaviour 
of the partition function and observables as functions of the noncommutativity parameter 
6. For example, the poles at ^ = which arise from perturbative expansions are the 
earmarks of the UV/IR mixing phenomenon jSH]- However, it is not yet clear in the 
continuum field theories whether this is an artifact of perturbation theory or if it persists at 
a nonperturbative level.^ A clearer understanding of the behaviour of the nonperturbative 
theory as a function of 9 is therefore needed to fully address such issues. Related to 
this problem is the question of approximation of irrational noncommutative field theories 
by rational ones. If the quantum field theory is at least continuous in 6 then it can 
be successively approximated by rational theories. In particular, this would lead to a 
hierarchy of Morita dual descriptions in terms of quasi-local degrees of freedom [22] and 
also finite-dimensional matrix model approximations to the continuum noncommutative 
field theory |16j . It has also been suggested that smooth behaviour of physical quantities 
in 6 could, by Morita equivalence, imply very stringent constraints on ordinary large N 
gauge theories on tori [HTj. These issues have been further addressed recently in j^Hl- 

While physically one would not expect to be able to measure a distinction between 
rational-valued and irrational-valued observables, it has been observed that in certain 
examples and at high energies, generic non-BPS physical quantities exhibit discontinuous 
effects as functions of the deformation parameter, due to the multifractal nature of the 
renormalization group flows in these cases For instance, when 6 is an irrational 

number, the cascade of Morita equivalent descriptions is unbounded as the energy of the 
system increases and no quasi-local description of the theory is possible beyond a certain 
energy level. To provide some different insight into these problems, in this section we 
will analyze the behaviour of quantum Yang-Mills theory on the noncommutative two- 
torus as a function of 9, using its representation ()7.3|) as a sum over partitions associated 
with the Heisenberg module Sp^q. As we have seen, each critical point of the Yang- 
Mills action is determined by a partition which is a list of pairs of integers {p,q) = 



and Chern numbers. We will now develop a graphical technique for constructing solutions 
of these constraints which will serve as a useful method for obtaining solutions of the 

^In the lattice regularization of noncommutative field theories UV/IR mixing persists at a fully 
nonperturbative level as a kinematical effect. 




k=l 



labelling submodules that obey the constraints ()4.24|) on their dimensions 
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noncommutative Yang-Mills equations of motion. This method makes no distinction 
between rational or irrational 9 and smoothly interpolates between the two cases. We 
will then use it to prove the smoothness of the Yang-Mills partition function ()7.3|) as 
a function of the noncommutativity parameter 9. This continuity result is in agreement 
with an analysis, based on continued fraction approximations, of the behaviour of classical 
averages on a fixed projective module jHO]- 

8.1 Graphical Determination of Classical Solutions 

Consider the integral lattice Ko(^6') of K-theory charges, which we will view as a subset 
of the plane M^. Each point {pk,<lk) on this lattice corresponds to an isomorphism class 
^Pk,qk °f projective modules over the noncommutative torus. Through each such point we 
draw a line in of constant (positive) dimension according to the equation 

p-q9=Pk-qk9 , A; = 1, 2, 3, . . . . (8.1) 

These lines all have slope 9~^. For irrational values of 9, there is a unique solution, 
(P) q) = {Pk, Qk), to ()8.1|) for each k, and hence there is only one point of the integer lattice 
on each line. Consequently there are an infinite number of parallel lines of constant 
dimension in any region of the K-theory lattice. On the other hand, if 9 = n/s is a. 
rational number, then there are infinitely many solutions {p, q) of the equation (j8.ip for 
each k and hence a large degeneracy of lattice points lying on each line. In this case 
there are only a finite number of lines of constant dimension in any region of the K-theory 
lattice. 

For a given Heisenberg module £n,mi there are two important lines of constant dimen- 
sion which will enable the enforcing of the constraints ()4.24p . These are the lines p—q9 = 
and p — q9 = n — m9. A partition which yields a critical point of the Yang-Mills action 
on Sn,m is found by taking a sequence of points lying on lines of strictly increasing di- 
mension, beginning at the origin (0,0) and terminating at the point {n,m). Taking the 
difference of the coordinates of successive points gives the topological numbers {nk,mk) 
of the submodules in the partition. The choice of a sequence of points which lie on lines 
of strictly increasing dimension guarantees that each submodule is of positive dimension. 
Fixing the initial and final points ensures that the constraints on the total dimension and 
Chern number are satisfied. An illustrative example of this procedure for the module £^5,3 
is depicted in Figure [TJ All finite sequences of points obeying these rules give all possible 
solutions of the constraints ()4.24|) . and hence all critical points of the noncommutative 
Yang-Mills action corresponding to all solutions of the equations of motion. Note that 
the integer | z7 1 , counting the total number of submodules in a partition, may in this way 
be regarded as a topological invariant of the associated graphs. 
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Figure 1: Graphical representation of the partition |(1,1), (1,-1), (2,3), (1,0)| G 

7^5,3(0) which defines a solution of the noncommutative Yang-Mills equations of motion on 
the projective module £5^3. The sequence of lines in M of constant dimension for the case 
9 = 1/2 IS depicted. The dashed line goes through the sequence of points whose successive 
differences make up the elements of the partition. 



8.2 Proof of ^-Smoothness 



Having determined all partitions graphically for fixed 9, we can now study how semi- 
classical quantities vary with a change of 9. From n — m9 = dim£^„ „j; we see that 9 is the 
inverse slope of lines of constant dimension in the (p, q) plane. Thus a change in 9 amounts 
to a change in slope of the lines of constant dimension. For partitions a small change in 
9 leads to a small change in the dimensions of submodules in a partition but leaves 
the number 1 | of submodules and their topological numbers unchanged. The partition 
function ()7.3p clearly varies smoothly under such variations of the noncommutativity 
parameter. This smooth behaviour terminates when a change in 9 leads to a violation 
of the requirement that each submodule of a partition be of positive dimension. Such a 
condition can occur when a submodule of very small dimension to the right of the line 
p — q9 = is pushed through to negative dimension by an infinitesimal variation of 9. 
For example, the partition depicted in Figure ^ represents a valid solution of Yang-Mills 
theory on the module £^5^3 for all 6' < 1. As 9 approaches unity, the dimension of the 
first submodule £^1^1 vanishes. Thus at ^ = 1, the constraints (j4.24j) defining partitions 
are violated and this partition is abruptly removed from the list ^5,3(6*) of partitions 
which contribute to the partition function. Of course such an elimination occurs for any 
partition containing a submodule of vanishing dimension^*^ and it would appear in general 
that this leads to a discontinuity in the partition function as a function of 9. There are also 
various "degenerate" cases that appear to lead to discontinuities, such as those partitions 

^°Recall that the components of a partition are partiaUy ordered according to increasing submodule 
dimension. 
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for which the dimension of a component which doesn't appear first in the hst vanishes, or 
those where the dimensions of two submodules become equal when 6 is varied. This leads 
to a reordering of the submodules and therefore a discontinuous change in the graphical 
representation of the previous subsection. However, these latter cases do not affect the 
partition sum in a discontinuous way, and thus only the former types of discontinuities 
appear to remain. 

In fact this is not the case and the partition function is smooth in 6. The reason is 
that the contribution to the partition function ()7.3|) from partitions with submodules of 
vanishing dimension are exponentially suppressed, since the Boltzmann weight associated 
with such topological numbers (n, m) is of order e -i/dim£'„,m Consequently, the partition 
function has already exponentially damped any contribution from a partition before it is 
discontinuously dropped due to the positive dimension constraint. It is easy to see that 
even though derivatives of the partition function with respect to 6 will generate singu- 
lar pre-exponential factors when submodule dimensions vanish, these singularities are all 
trumped by exponential suppression from the action. Thus all derivatives of the parti- 
tion function with respect to 6 are also finite and continuous. Note that, in the context 
of rational approximations to irrational values of the noncommutativity parameter, this 
analysis also shows that perturbations about any rational value of 6 will miss exponen- 
tially small contributions to the partition function, which may be related to some of the 
peculiarities observed in the rational approximations of irrational noncommutative gauge 
theories (SHI- 

The ^-smoothness proof can also be extended to physical (gauge invariant) observables 
which are at most polynomially singular in 6 for modules of vanishing dimension. One 
such class of observables are the "topological" observables obtained by differentiating the 
partition function ()3.27p with respect to the Yang- Mills coupling constant. 




where the brackets (■ ■ ■)conn denote connected correlation functions with respect to the 
functional integral ()3.27|) . and arbitrary points on T^. For n = 1 this observ- 

able is proportional to the average energy of the system ^ Tr^-^^ Fj^ on the Heisenberg 
module Sp^g. 

9 Instanton Moduli Spaces 

The expansion ()7.3p of the partition function of gauge theory on a noncommutative torus 
has a natural interpretation as a sum over noncommutative instantons in two dimensions, 
in the sense that we have defined them at the beginning of section |3] They are classified 
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topologically by the homotopy classes (p, q) of the space of Hermitian projectors Gr^, and 
they are inherently nonperturbative since their action contribution to the path integral is 
of order e . However, the semi-classical expansion does not organize the contributions 
from classical solutions into gauge orbits. Different partitions (p , ^) may give contribu- 
tions which should be identified as coming from the same instanton. In this section we will 
discuss the rearrangement of the series ()7.3|) into a sum over gauge inequivalent critical 
points and describe the structure of the moduli spaces of instantons that arise, comparing 
them with those of ordinary Yang-Mills theory in two dimensions. 

9.1 Weak Coupling Limit 

We will begin with the weak coupling limit ^ of noncommutative gauge theory as it 
is the simplest case. Due to the invariance property (j3.12j) . the moduli space J^p^q{0) of 
constant curvature connections on the Heisenberg module Sp^q modulo noncommutative 
gauge transformations has a natural symplectic structure inherited from the symplectic 
two- form ()3.9p on Cp^g. As shown in section 13.31 the partition function Zp^qi^g"^ = 0,6*) 
formally computes the symplectic volume of J^p^q{6). Let us first describe this moduli 
space j37j. By using a Morita duality transformation (j6.5|) of the background magnetic 
flux $ if necessary, we can assume that / 7^ in ()4.6|) without loss of generality. We 
therefore need to classify the irreducible representations determined by the Heisenberg 
module (j4.7p . As discussed in section l^!Tl the Weyl-'t Hooft algebra (j4.8|) has irreducible 
components, where A^ is the rank of the noncommutative gauge theory given by (j4.13j) . 
On the other hand, in section 16.31 we saw that each such irreducible representation has a 
pair of complex moduli (2:1,-22) generating the center of the Weyl-'t Hooft algebra. Thus 
the inequivalent irreducible representations of the matrix algebra ()4.8|) are labelled by a 
pair of complex numbers C, = (zi, Z2) G which live on a commutative torus dual to the 
original noncommutative torus. 

If VV( C C^, C G are the corresponding irreducible representations, then the Heisen- 
berg module (|4.7|) decomposes into irreducible ^^-modules according to 

£p^q = L2(M) ® (Wc, © • ■ ■ © Wc^) . (9.1) 

Gauge transformations which preserve the constant curvature condition (j4.6p are finite- 
dimensional unitary matrices in U{q). Central elements of the Weyl-'t Hooft algebra are 
represented by diagonal matrices with respect to the decomposition 1)9.11) . There is a 
residual gauge symmetry which acts by permutation of the A^ summands in 1)9.11) as the 
permutation group S^r, and therefore the moduli space of constant curvature connec- 
tions associated with the module £p^q over the noncommutative torus is the symmetric 
orbifold [Slj 

A<,,,(0) = Sym^T2^ (t^) / ^9 2) 
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of dimension 2N . This space is identical to the moduh space of flat bundles for commuta- 
tive Yang-Mills theory on an elliptic Riemann surface with structure group U{N) i.e. 
Mn{0 = 0) = Hom(^7ri(T2) , U{N)'^ /U{N), since the maximal torus of U{N) is U{1)^ 
consisting of diagonal matrices and its discrete Weyl subgroup is precisely the symmetric 
group Sat. The standard symplectic geometry on ()9.2|1 possesses conical singularities on 

the coincidence locus, i.e. the "diagonal" subspace of ( j . 

Let us now consider this result in light of the instanton expansion. We take $ = 
without loss of generality. The —>■ limit of the Boltzmann factor in the partition 
function (j7.3p is non- vanishing only in the zero instanton sector = V/c > 1. But the 
constraints ()4.24|) with all = are just equivalent to those we encountered in sectional 
in the commutative limit 6 = 0, with rank N = p. The same is true of the fluctuation 
determinant factors in ()7.3|1 . and hence the partition function at weak coupling is given 
by 

Z,,ig^ = 0,6) = hm J] n ^ {^d^R'a') ' O-^) 

^ u:Y,aaUa=N a=l 

where we have eliminated the (constant) exponential factor by a suitable renormalization 
of the quantum field theory [21] . The independence of ()9.3p in the noncommutativity was 
observed in section 13.31 where we saw that the auxiliary field in (j3.27|) was essentially 
a commutative field. In this way, the theory at g^ = eliminates all dependence on the 
parameters 6 and R, and it is identical to topological Yang-Mills theory on the commuta- 
tive two-torus 123- This feature of the weakly coupled gauge theory is in agreement with 
the coincidence of the moduli space of the zero instanton sector in the commutative and 
noncommutative cases. It should be stressed though that, in contrast to the commuta- 
tive case, by Morita equivalence the expressions for the moduh space (j9.2p and partition 
function ()9.3|) over the noncommutative torus hold generically for all (not necessarily fiat) 
constant curvature connections. In other words, in the noncommutative case the gauge 
quotiented level sets of the moment map /i on Cp ^ are all equivalent. 

The partition function has non-analytic behaviour in the Yang-Mills coupling constant 
as g"^ 0, with a pole of order \u\ in g for each partition. We can relate the singularities 
arising in ()9.3|) in a very precise way to the orbifold singularities of the moduli space ()9.2p 
which appear whenever the Heisenberg module Sp^g is reducible. The latter singular points 

come from the fixed point set of the action of the permutation group S^v on ( j , which 
is straightforward to describe. As in sectional let C[z7] = C[z/i, ... , u^] be the conjugacy 
class of a given element a G S^r. An elementary cycle of length a leaves an A^-tuple 

(Ci, . . . , Ca^) G ( j invariant only if the a points on which it acts coincide. It follows 
that the fixed point locus of any permutation a in the conjugacy class C[u] is given by 



1 C\u] N 



n ■ (9-4) 



a=l 
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On each such fixed point set there is still the action of the stabilizer subgroup C{u) of 
Siv, which consists of all elements a' G Sat that commute with a and is given explicitly 
in terms of semi-direct products as 



N 



(9.5) 



a=l 



Here the symmetric group Sj,^ permutes the Ua cycles of length a, while each cyclic group 
Za acts within one particular cycle of length a. Distinct singular points of the symmetric 
orbifold ()9.2|) then arise at the C(z7) invariants of the fixed point loci ()9.4j) . Only the 
subgroups T,^^ of the centralizer ()9.5|) act non-trivially on ()9.4j) . The singular point locus 
of the moduli space of constant curvature connections is thereby obtained as the disjoint 
union over the conjugacy classes C[i7] of S^r of the strata 



Given the result (j9.6p . the interpretation of the singularities in the formal orbifold 
volume ()9.3|) is now clear. It is a sum over the connected components, labelled by con- 
jugacy classes in Stv, of the total singular locus of the orbifold symmetric product ()9.2p . 
Within each conjugacy class (partition) C[z7], the contribution from a gauge equivalence 



singular fluctuation determinant (—1)*^° (2(7^i?^a^)~'^°/^. Recall from section that the 
module dimension factor here ensures invariance under Morita duality. Gauge invari- 
ance dictates that the total contribution from the Ua cycles of length a (submodules of 
rank a) be divided by the appropriate residual symmetry factor uj which is the order of 
the local orbifold group Sj,^ acting in (j9.6|) . Thus the conical singularities of the zero in- 
stanton sector are not smoothed out by the noncommutativity, as one might have naively 
expected ISHIHSI, and the moduli spaces of flat connections are the same in both commu- 
tative and noncommutative cases. The corresponding partition functions ()9.3p represent 
the contribution of the global minimum /i^^(O) to the localization formula for the func- 
tional integral. We shall now analyze how these properties change as one moves away from 
the weak coupling limit of the noncommutative gauge theory. As we will see, the orbifold 
singularities for coincident instantons on the moduli space still persist. Geometrically, the 
noncommutative instantons of two dimensional gauge theory on a torus remain point-like 
and hence have no smoothing effect on the conical singularities that occur on Sym^ 
where two or more points come together. 

9.2 Inst ant on Partitions 

To count instantons labelled by a generic partition {p,q) consisting of non-zero Chern 
numbers g^, we need to arrange the expansion (|7.3p into a sum over gauge inequivalent 




a=l 



(9.6) 



class of connections associated with a toroidal factor 




43 



classical solutions. The essential problem which arises is the isomorphism Smp,mq — ®'^^p,q 
of projective modules. Partitions of either side of this isomorphism lead to gauge equiva- 
lent contributions to the partition function and, in particular, from ()4.16p it follows that 
the minimizing connections same constant curvature. Thus 

we need to refine the definition of partition given in section somewhat so as to combine 
submodules which yield the same constant curvature and hence prevent the over-counting 
of distinct noncommutative Yang-Mills stationary points [^SGJ- This we do by writing any 
submodule dimension in the form 

Pk-qke = N,{p',-q'^e) (9.7) 

where Nk = gcd{pk, qk), and the integers and are relatively prime. The corresponding 
curvature ()4.16|) is independent of the noncommutative rank Nk, and so we should also 
restrict to submodules for which each K-theory charge (p'^, g^) is distinct. Therefore, we 
restrict the counting of critical points of the noncommutative Yang-Mills action to the 
sets of integers {N,p', q) = < {Na,p'a, q'a) \ which satisfy, in addition to the constraints 

I J a>l 

()4.24|) . the requirements that Na > 0, p'^ and q'^ are relatively prime, and the pairs 
of integers (p^, q'^) are all distinct. We shall refer to such a collection of integers as 
an "instanton partition". The additional constraints imposed on an instanton partition 
guarantee that we do not count as distinct those partitions which contain some submodules 
that can themselves be decomposed into irreducible components. 

Let us look at the structure of the moduli space M.p^q{N , p' , q'; 6) associated with an 
instanton partition {N,p' , q) We want to determine the space of gauge orbits of the 
associated critical point connections V'^' = V^^^ on submodule decompositions 

= ® ^Nap'^^Nag'a ■ (9.8) 

a>l 

Since each constant curvature on £Nap'a,Naq'a distinct and any gauge transformation 
tj G Q{£p^q) preserves the constant curvature conditions, every tj is also a unitary operator 
on each instanton submodule ENav'a^Naq'a ~^ £Nap'a,Naq'a- follows that the instanton moduli 
space is given by 

MUNj\q'-e) = 1[Mnm,'S(^) , (9-9) 

a>l 

where each ■M.Nap'a,Naq'ai^) is the moduli space of constant curvature connections on the 
Heisenberg module £Nap'^,Naq'a- From ()9.2j) we thus find that can be written in terms 
of a product of symmetric orbifolds as ^] 

MUN,P\ q'; e) = l[ Sym^» f ^ . (9.10) 

a>l 

This result generalizes the instanton moduli space (j9.2p which corresponds to the global 
minimum of the noncommutative Yang-Mills action on Sp^q. 
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9.3 Examples 



To get a feel for how the moduh spaces classify the reorganization of the partition 

function ()7.3|) into a sum over distinct instanton contributions, let us consider two very 
simple examples j^H]. For = and p = 2 the partition function is easily written in the 
form 

When the Chern number q is odd, this is a sum over inequivalent instanton configurations, 
and the two terms in ()9.11|1 are associated respectively with the smooth moduli spaces 

A<2,,(l,2,g;0) = t^ (9.12) 
A^2,,((l,l,gi), (l,l,g2); o) = x t^ (9.13) 

Heuristically, with the appropriate symmetry factors, each factor T^, representing the sin- 
gle instanton moduli space, contributes a mode with fiuctuation determinant —1/ \/\'og^B?. 
On the other hand, when q = 2q' is even there is a term in the infinite series in ()9.11|) 
which yields the same Boltzmann weight as the first term, and so these two terms should 
be combined to give 

(9.14) 

Again the last term in ()9.14|) may be attributed to contributions from instantons in the 
smooth moduli space ()9.13|) with q = 2q' and qi^ q2- The two gauge equivalent instanton 
contributions to the first term are attributed with the singular moduli space in this case, 

A<2,2,'(2,l,g';0) = Sym2t2 . (9.15) 

The singular locus of the symmetric orbifold (j9.15j) is Sym^ 11 with the disjoint sets 
corresponding to the identity and order two elements of the cyclic group Z2, respectively. 
As in section 19. H the sum of contributions to the first term in ()9.14j) are readily seen to 
be those associated with the components of the total singular point locus of ()9.15|) . 

For = and p = 3 the partition function is given by 

00 00 , , 

^ ' yi=— 00 52=— 00 
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For any g ^ 3 Z the expression ()9.16p can be written as a sum over distinct instanton 
contributions as 



gi=-oo 



qi = ~oo 92^91 
gi^gmod2 q2=—co 

corresponding respectively to the instanton moduh spaces 

A<3,,(l,3,g;0) = , (9.18) 
A^3,,((l,l,gi), (2,l,g2);0) = t^xSym^t^, (9.19) 

A^3,,((l,l,gi), (l,2,g2);0) = t^xt^, (9.20) 

A^3,,((l,l,gi), (1,1, gs), (1,1,^3); O) = t^xt^xt^. (9.21) 

Note again how the fluctuation determinants in (|9.17|) weight each factor of in the 
corresponding moduli space, and how the second term incorporates the sum over singu- 
larities of the symmetric orbifold Sym^ in ()9.19p . For q = 3q', the second term in 
fl9.17|l yields a contribution to the global minimum for qi = q', and we have 



\32g^R^ 6(2^2/^2)3/2 J Z^^ 



6(2^2^2)3/2 

gi=-oo 92^91 



<]i¥=<i' 

e 



^((2gi-3g')2+(2gi-g2)2+gi) 



6(2^2^2)3/2 
^ ^ ' 51^35' mod 2 q2=-oo 

The last three terms in (j9.22j) may again be attributed to contributions associated with the 
instanton moduli spaces ()9.19|) - ()9.2H) . respectively, with q = 3q' and qi ^ q2 ^ Qs- The 
first term represents the gauge equivalent instanton contributions coming from replacing 
the smooth moduli space ()9.18p by the singular one 

A^3,3,'(3,l,g';0) = Sym3t2 , (9.23) 

with each fluctuation determinant associated with the singular points of the orbifold (|9.23j) 
corresponding to the three conjugacy classes of the symmetric group S3. 
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These two simple examples illustrate the general technique involved in reorganizing 
the sum ()7.3|) over critical points into distinct instanton contributions. They can be 
deduced, as above, from the singularity structures of the totality of instanton moduli 
spaces (I9.1(jp corresponding to a Heisenberg module. The Boltzmann weight associated 
with an instanton partition {N,p',q') is given by 

g -S(N,p',g';e) =Y[e ^'^la/iPa-l'ad) ^ (^Q ^4) 

a>l 

and about it there are a finite number of quantum fluctuations representing a finite, but 
non-trivial, perturbative expansion in g~^. These fluctuations are determined by the sin- 
gular locus of the corresponding symmetric orbifolds in ()9.1()|1 . The combinatorial problem 
of summing over all such instanton partitions is in general quite involved, especially for 
irrational values of 6 when there are infinitely many partitions. However, repeating anal- 
ogous arguments to those around ()7.1l7.2p shows that an instanton partition contains 
only finitely many components. Thus the perturbative expansion around each instanton 
contribution contains only finitely many terms, although in the irrational case the expo- 
nential prefactor is no longer a polynomial of set order. It is amusing that, within the 
class of noncommutative gauge theories, Morita equivalence allows such a moduli space 
classification of the instanton contributions even in the commutative case. Such a char- 
acterization is otherwise not possible because one only knows the structure of the moduli 
space of flat connections of commutative gauge theory on T^. Notice also that for 6' 7^ 
the instanton sums are no longer given by elementary theta-functions. 

Finally, let us note that the instantons which contribute to the semi-classical expansion 
of noncommutative gauge theory that we have developed are reminiscent of the solitons 
on noncommutative tori which arise as solutions of open string field theory describing 
unstable D-branes wrapping a two-dimensional torus in the background of a constant 
5-field An extremum of the tachyon potential is described by a projector of 

the algebra Ag, and leads to an effective gauge theory on the corresponding projective 
module determined by the tachyon. The remaining string field equations of motion are 
then solved by direct sum decompositions of the given Heisenberg module as we have 
described them in this paper. A special instance of this are the fiuxon solutions which 
describe the finite energy instantons, carrying quantized magnetic flux, of gauge theory on 
the noncommutative plane jl]-[7]. In the present setting these are the classical solutions 
associated with partitions consisting of only the full module, giving the global minimum 
of the Yang-Mills action. For the module Sp^q, these solutions have gauge field strength 
f|4.16|) and partition function 

, . (9.25) 

In the large area limit R 00 with the dimensionful noncommutativity parameter 6 = 
2t[R^ 9 finite, this is the contribution to the functional integral, along with the appropriate 
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Gaussian fluctuation factor, from a fluxon of magnetic charge q = Nq' in gauge group 
rank A^. The sum over all g G Z in this limit determines the expansion of noncommutative 
gauge theory on in terms of fluxons JU] • 



Acknowledgments 



We thank C.-S. Chu, J. Gracia-Bondia, G. Landi, F. Lizzi, B. Schroers and G. Semenoff 
for helpful discussions and correspondence. We also thank the referee for prompting us to 
correct several technical inconsistencies in the original version of this paper. This work was 
initiated during the PIMS/APCTP/PITP Frontiers of Mathematical Physics Workshop 
on "Particles, Fields and Strings" at Simon Fraser University, Vancouver, Canada, July 
16-27 2001. The work of R.J.S. was supported in part by an Advanced Fellowship from 
the Particle Physics and Astronomy Research Council (U.K.). L.D.P. would like to thank 
the MCTP for their hospitality during his visit. 



References 



[1] A. Konechny and A. Schwarz, "Introduction to Mfatrix) theory and noncommutative 
geometry," Phys. Kept. 360, 353 (2002) arXiv:hep-th/0012145 . 

[2] M. R. Douglas and N. A. Nekrasov, "Noncommutative field theory," Rev. Mod. Phys. 
73, 977 (2002) | arXiv:hep-th/0106048 |. 

[3] R. J. Szabo, "Quantum field theory on noncommutative spaces," Phys. Rept. 378, 
207 (2003) |arXiv:hep-th/0109162|. 

[4] A. P. Polychronakos, "Flux tube solutions in noncommutative gauge theories," Phys. 
Lett. B 495, 407 (2000) arXiv:hep-th/0007043 . 

[5] D. Bak, "Exact multi-vortex solut ions in noncommutative abelian-Higgs theory," 
Phys. Lett. B 495, 251 (2000) |arXiv:hep-th /0008204l. 

[6] D. J. Gross and N. A. Nekrasov, "Solitons in noncommutative gauge theory," JHEP 
0103, 044 (2001) |arX iv:hep-th /0010090|. 

[7] D. Bak, K. Lee and J.-H. Park, " Noncommutative vortex solitons," Phys. Rev. D 
63, 125010 (2001) | )arXiv:hep-th/0 011099|. 

[8] A. Bassetto, G. Nardelli and A. Torrielli, "Perturbative Wilson loop in two- 
dimensional noncommutative Yang-Mills theory," Nucl. Phys. B 617, 308 (2001) 
I ar Xiv:hep-th/0107147 1 . 

[9] Z. Guralnik, "Strong coupling phenomena on the noncommutative plane," JHEP 
0206, 010 (2002) |arXiv:hep-th/0109079|. 

[10] L. Griguolo, D. Seminara and P. Valtancoli, "Towards the solution of noncom- 
mutative YM2: Morita equivalence and large limit," JHEP 0112, 024 (2001) 
jarXiv:hep-th/01 10 293 1 . 



48 



S. Cordes, G. Moore and S. Ramgoolam, "Lectures on 2D Yang-Mills theory, equiv- 
ariant cohomologv and topological field theories," Nucl. Phys. Proc. Suppl. 41, 184 
(1995) arXiv:hep-th/9411210 . 

E. Abdalla and M. C. B. Abdalla, "Updating QCD in two dimensions," Phys. Rept. 
265, 253 (1996) [arXiv:hep-th /9503002|. 

K. G. Wilson, "Confinement Of Quarks," Phys. Rev. D 10, 2445 (1974). 

E. Witten, "On Quantum Gauge Theories In Two- Dimensions," Commun. Math. 
Phys. 141, 153 (1991). 

J. Ambj0rn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, "Lattice gauge 
fields and discrete noncommutative Yang-Mills theory," JHEP 0005, 023 (2000) 
I arXiv:hep-th/0004147i . 



J. Ambj0rn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, "Finite matrix models 
of noncommutative gauge theory," JHEP 9911, 029 (1999) arXiv:hep-th/9911041J . 

L. D. Paniak and R. J. Szabo, "Lectures on two-dimensional noncommutative gauge 
theory 2: Quantization," arXiv:hep-th/0304268. 

M. M. Sheikh- Jabbari, "Renormalizability of the supersymmetric Yang-Mills theories 
on the noncommutative torus," JHEP 9906, 015 (1999) arXiv:hep- th/9903107 . 

L. Cornalba and R. Schiappa, "Matrix theory star products from the Born-Infeld 
action," Adv. Theor. Math. Phys. 4, 249 (2000) |arXiv^:hep-th/9907211|. 

L. Cornalba, "D-brane physics and noncommutative Yang-Mills theory," Adv. Theor. 
Math. Phys. 4, 271 (2000) |arXiv:hep-th/ 9909081 

N. Ishibashi, "A relation b etween commutative and noncommutative descriptions of 
D-branes," || arXiv:h ep-th/9909176| 

B. Jurco and P. Schupp, "Noncommutative Yang-Mills from equivalence of star prod- 
ucts," Eur. Phys. J. C 14, 367 (2000) |arXiv:hep-th/0001032|. 

J. A. Harvey, P. Kraus and F. Larsen, "Exact noncommutative solitons," JHEP 
0012, 024 (2000) |arXiv:hep-th/0010060|. 

V. P. Nair and A. P. Polychronakos, "On level quantization for the noncommutative 
Chern-Simons theory," Phys. Rev. Lett. 87, 030403 (2001) |ar Xiv:hep-th/0102181i . 

J. A. Harvey, "Topology of the gauge group in noncommutative gauge theory," 
' arXiv:hep-th/0105242 

F. Lizzi, R. J. Szabo and A. Zampini, "Geometry of the gauge algebra in noncom- 
mutative Yang-Mills theory," JHEP 0108, 032 (2001) |a rXiv:he p-th/01 07115| . 

A. Schwarz, "Gauge theories on noncommutative Euclidean spaces," in: Multi- 
ple Facets of Quantization and Super symmetry, eds. M. Olshanetsky et al, p. 794 
[arXiv:hep-th/0mi74| . 

M. Blau and G. Thompson, "Lectures on 2D gauge theories: Topological aspects 
and path integral techniques," in: 1993 Summer School in High Energy Physics, eds. 
E. Cava, S. Masiero , K. S. Narain, S. Randjbar-Daemi and Q. Shafi (World Scientific, 
1994), p. 175 arXiv:hep-th/9310144 . 



49 



E. Witten, "Two-dimensional gauge theories revisited," J. Geom. Phys. 9, 303 (1992) 
I arXiv:hep- th/9204 083 1 . 

A. D'Adda, M. Caselle, L. Magnea and S. Panzeri, "Two dimensional QCD on the 
sphere and on the cylinder," in: 1993 Summer School in High Energy Physics, eds. 
E. Gava, S. Masiero, K. S. Narain, S. Randjbar-Daemi and Q. Shafi (World Scientific, 
1994), p. 245 ,arXiv:hep-th /9309107|. 

J. A. Minahan and A. P. Polychronakos, "Classical solutions for two-dimensional 
QCD on the sphere," Nucl. Phys. B 422, 172 (1994) ,arXiv:hep-th/9309119, . 

D. J. Gross and A. Matytsin, "Instanton induced large N phase transitions 
in two-dimens ional and four-dimensional QCD," Nucl. Phys. B 429, 50 (1994) 
|arXiv:hep-th7 9404004 1 . 

L. Griguolo, "The instanton contributions to Yang-Mills theory on the torus: Lo- 
calization, Wilson loops and the perturbative expansion," Nucl. Phys. B 547, 375 
(1999) arXiv:hep-th/9811050^ . 

R. J. Szabo, Equivariant Cohomology and Localization of Path Integrals (Springer- 
Verlag, Berlin- Heidelberg, 2000). 

M. F. Atiyah and R. Bott, "The Yang-Mills equations over Riemann surfaces," Phil. 
Trans. Roy. Soc. London A 308, 523 (1982). 

M. A. Rieffel, "Critical points of Yang-Mills for noncommutative two-tori," J. Diff. 
Geom. 31, 535 (1990). 

A. Connes and M. A. Rieffel, "Yang-Mills for noncommutative two-tori," Contemp. 
Math. 62, 237 (1987). 

A. Connes, Noncommutative Geometry (Academic Press, San Diego, 1994). 

R. S. Palais, "On the homotopy type of certain groups of operators," Topology 3, 
271 (1965). 

D. B. Fairlie, P. Fletcher and C. K. Zachos, "Infinite Dimensional Algebras And A 
Trigonometric Basis For The Classical Lie Algebras," J. Math. Phys. 31, 1088 (1990). 

N. Seiberg and E . Witten, "String theo ry and noncommutative geometry," JHEP 
9909, 032 (1999) |arXiv:hep-t h/9908142|. 

M. Blau and G. Thompson, "Topological Gauge Theories Of Antisymmetric Tensor 
Fields," Annals Phys. 205, 130 (1991). 

M. Pimsner and D. Voiculescu, "Exact sequences for K-groups and Ext-groups of 
certain crossed product C*-algebras," J. Operator Theory 4, 93 (1980). 

M. A. Rieffel, "The cancellation theorem for projective modules over irrational rota- 
tion C*-algebras," Proc. London Math. Soc. (3) 47, 285 (1983). 

A. Connes, "C*-algebras and differential geometry," Compt. Rend. Acad. Sci. Paris 
Ser. A 290, 599 (1980) [arXiv:hep-th/010109 3 . 

M. A. Rieffel, "Projective modules over higher- dimensional noncommutative tori," 
Can. J. Math. 40, 257 (1980). 

A. Connes, M. R. Douglas and A. Schwarz, "Noncommutative geometry and matrix 
theory: Compactification on tori," JHEP 9802, 003 (1998) arXiv:hep-th/9711162j . 



50 



A. Schwarz, "Morita equivalence and duality," Nucl. Phys. B 534, 720 (1998) 
|arXiv:hep-tli/9805034|. 

P. van Baal and B. van Geemen, "A Simple Construction Of Twist Eating Solutions," 
J. Math. Phys. 27, 455 (1986). 

D. R. Lebedev and M. I. Polikarpov, "Extrema Of The Twisted Eguchi-Kawai Action 
And The Finite Heisenberg Group," Nucl. Phys. B 269, 285 (1986). 

B. Pioline and A. Schw arz, "Morita equivalence and T-duality (or B versus 6)" 
JHEP 9908, 021 (1999) iarXiv:hep-t h/9908019|. 

N. Seiberg, "A note on background independence in noncommutative gauge 
theories, matrix model and tachyon condensation," JHEP 0009, 003 (2000) 
I ar Xiv:hep-t h/0008013| . 

A. A. Migdal, "Recursion Equations In Gauge Field Theories," Sov. Phys. JETP 42, 
413 (1975) [Zh. Eksp. Teor. Fiz. 69, 810 (1975)]. 

B. E. Rusakov, "Loop Averages And Partition Functions In U(N) Gauge Theory On 
Two-Dimensional Manifolds," Mod. Phys. Lett. A 5, 693 (1990). 

S. Minwalla, M. Van Raamsdonk and N. Seiberg, "Noncommutative perturbative 
dynamics," JHEP 0002, 020 (2000) arXiv:he p-th/9912072 |. 

A. Hashimoto and N. Itzhaki, "On the hierarchy between noncommutative and ordi- 
nary supersymmetric Yang-Mills," JHEP 9912, 007 (1999) |arXiv:he p-th/9911057|. 

Z. Guralnik and J. Troost, "Aspects of gauge theory on commu tative and noncom- 
mutative tori," JHEP 0105, 022 (2001) |arXiv:hep-th/0103T68| . 

L. Alvarez-Gaume and J. L. F. Barbon, "Morita duality and large N limits," Nucl. 
Phys. B 623, 165 (2002) |arXiv:hep-th/0109176 . 



S. Elitzur, E. Rabinovici and B. Pioline, "On the short dista nce structure of irration al 
noncommutative gauge theories," JHEP 0010, Oil (2000) | arXiv:hep-th/0009009l . 

G. Landi, F. Lizzi and R. J. Szabo, "From large matrices to the noncommutative 
torus," Commun. Math. Phys. 217, 181 (2001) |arXiv:hep-th/9912130|. 

N. A. Nekrasov and A. Schwarz, "Instantons on noncommutative M'^ and (2, 0) 
superconformal six-dimensional theory," Commun. Math. Phys. 198, 689 (1998) 
j arXiv: hep-th/9802068 1 . 

A. Kapustin, A. Kuznetsov and D. Orlov, "Noncommutative instantons and twistor 
transform," Commun. Math. Phys. 221, 385 (2001) |arXiv:hep-th/0002193|. 

R. Gopakumar, M. Headrick and M. Spradlin, "On noncommutative multisolitons," 
Commun. Math. Phys. 233, 355 (2003) |arXiv:hep-th/0103256|. 

E. J . Martinec and G. W. Moore, "Noncommutative solitons on orbifolds," 
[a^iv:hep-th/0101199| 



T. Kraiews ki and M. Schnabl, "Ex act solitons on noncommutative tori," JHEP 0108, 
002 (2001) |arXiv:hep-th/0104090|. 



51 



